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Manchester Memoirs, Vol. liz. (1908), No. 8.

VIII. On a New Type of Dynamical Stability.
By ANDREW STEPHENSON.
( Reccived and rcad January a8th, 19o8.)

I. A system in a position of equilibrium, and capable
of oscillation about that position, may be acted on by
periodic force in such a way that no oscillation is generated.
If, for example, one end of a vertical stretched string is
moved to and fro in the direction of the length, this
imposed motion has no tendency to produce lateral
vibration. In certain cases, however, it has considerable
effect in intensifying an already existing oscillation ; in
particular, if the imposed frequency is double that of the
lateral motion, a very marked swing is magnified from
the slightest initial disturbance.

Another example of a similar kind is afforded by a
pendulum, the point of suspension of which is subject to
a vertical periodic motion : if the frequency is double that
of the pendulum, any small swing is gradually magnified
by cumulative action.

Various instances of the double frequency effect forced
themselves upon the attention of observers,and it appears
to have been assumed—possibly from the simplicity of
the phenomenon—that it is only in the case of double
frequency that this type of disturbance has appreciable
influence. Mathematical investigation has shewn, how-
ever, that the effect is cumulative in the whole series of
cases when the disturbance frequency is approximately 2/r
of the natural frequency of the system, » being any
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2 STEPHENSON, New Type of Dynamical Stabilsty.

integer.* The intensity of the magnifying effect falls off
rapidly when 7 is taken larger, and as our terrestrial
systems are always subject to friction, it is difficult to
exhibit many cases experimentally. \With the pendulum
the intensifying influence may be observed for several
values of » without special nicety of adjustment.

Our present object is to establish another very remark-
able property of the non-generating type of periodic
disturbance.

2. In the preceding pendulum experiments the result-
ing moticn is due to the combined action of the imposed
force and gravity. Let us enquire as to the effect of the
imposed force acting alone.

To examine this question experimentally, a rod is
pivoted vertically so that it is free to rotate in a horizontal
plane: when the pivot is driven horizontally in a simple
vibration along the length of the rod the relative equili-
brium is not disturbed. If, now, the rod is displaced
through a small angle, it is observed to swing about the
line of the imposed motion in a period large compared
with that of the pivot.

All the properties of the motion may be deduced from
the differential equation determining it, but here we seek
an approximate treatment of the problem, based on
general mechanical considerations, in order to obtain a
notion of what happens more vividly than is possible
from the exact solution. For this purpose we assume
that a, the amplitude of the pivot motion, is small, and
also that the speed of the pivot, P, is constant, and equal
to V, say, throughout the path; ze, we assume that the
body is acted on by suitable impulses applied at P at the
ends of its path, being free from action in all intermediate

*¢“On a class of forced oscillations,” Quart. Journ. Matk. No. 148,

1906,
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positions. We shall first obtain the magnitudes and
directions of the impulses necessary to impose the motion.

Let P be the instantaneous centre of rotation of a
body of mass M, and with mass centre C. If an impulse,
1, acts at P in a direction making a small angle, ¢, with
PC, it gives the mass centre a velocity //M, and at the
same time produces an angular velocity /k¢/ME?, where
7t=PC and £ is the radius of gyration about C.

Fig. 1.

The velocity of P after the impulse is thus made
up of the components 1-’_)Q=[/M along the line of the
impulse, and Q_1>?=([h2/M/ez)¢ perpendicular to PC: the
resultant is therefore }-’7? In our problem this velocity
is constant (numerically),=V. PQR being approxi-
mately a right angle, PQ differs from PR by a small
quantity of the second order: hence the impulse
I=MPQ= MV so far as quantities of the first order are
concerned. Also if RP( is denoted by ¢

0 SR F+#

Thus to impress the required velocity V on P in a

direction at an angle 6 to the rod an impulse /7 must
. i

/lfl- k’(i to the rod. An impulse of double

magnitude will then reverse the motion of 2 from
V to— I and the imposed vibratory motion of P with
constant speed I in the path 4B is produced by impulses

act at an angle
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4 STEPHENSON, New Type of Dynamical Stabilitp.

of magnitude 247V applied in the direction dividing the
angle between the rod and A5 in the constant ratio 4%/4'.
It will be convenient to regard the action at either end of
the path as made up of two consecutive impulses, 3/ V,
one bringing P to rest, and the second giving it the
velocity towards the other end. The angular velocity
at the instant between the two impulses is then equal
to the mean angular velocity during the cycle of which
the instant is the mid point.

Consider the motion from the instant when /7 has
been brought to rest at 4 by the action of the first half.
impulse ; let the inclination of PC to AB be 6 and the
angular velocity w. The moment of the second half-
impulse about C is

Ty

P+ i

and the resultant change in the angular velocity

VRO|(A + 7).
If = is the time of motion to B the inclination of the
rod at B is therefore

0+ {w~+ VAhO/(7 + &2))r,

and the moment of the impulse at &

Bk ,
= 2 MV [0+ + Vb2 + )]

The angular velocity after this impulse is
w = VEOJ(F + F)
correct to small quantities of the first order, and the
inclination on reaching A again is 6+ 2wr. Hence the
moment of the first half-impulse bringing P to rest at 4 is
MV./Z'L-:l-k (6 + 2wr).
By summation the total moment applied during the
motion of 2 from rest to rest at A is
B

Go Slc
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Hence if o' is the angular velocity at the end of this

w-w_ _( Vk ')"ﬂ_
27 r+E)

Ze., the mean angular acceleration is directed towards the
position of relative equilibrium, and is proportional to the
angular displacement. The mean motion is therefore a
simple oscillation

cycle,

. Vhk
0=asm(/z’+k’t+€> . . . (1)
The actual motion is evidently of the nature shewn in
the diagram (Fzg. 2), in which the time is plotted hori-

6

Fig, 2.

zontally and the angular displacement vertically : the two
boundaries are sine curves and the successive vertices are
equidistant in time.

The preceding synthetic investigation brings out the
essential characteristics of the motion. The impulses are
constant in magnitude, and the effect of any impulse in
changing the angular velocity is proportional to the
\ angular displacement ; secondly, the angular displacement
at B algebraically exceeds half the sum of the two at 4
on either side, by an amount proportional to the displace-
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6 STEPHENSON, New Type of Dynamical Stability.

ment ; whence it follows that the impulsive moment in
any cycle from rest to rest at A4 is always directed towards
the central line of motion AB, and varies directly as the
displacement—the conditions determining a mean motion
of simple oscillation.

Such considerations tend to familiarise the motion,
but the quantitative results may be obtained by a more
analytical method, which will now be given for the sake
of comparison.

Let 6 be the inclination of PC to A8 on starting from
A after the impulse, and w the angular velocity at the
same time*; also let 6,, w, be the values of these quantities
after the impulse at B, and 6., w the values after the
succeeding impulse at A.

On starting from A the velocity of the mass centre

has components
(V- hwsinb, AwcosB)

along and perpendicular to A5. After the impulse at 5
the velocity is
(= V- haw,sin8, Aw,cosb,).
Hence if (X, Y) the impulse at B
X/M= -2V - h(wsinb, — wsinb)
Y/M= /(w,cosb, - wcosb).
Again, considering the motion about the mass centre

we have
ME{w) - w) = (Xsinh, — Ycosh)r

F(w, - w) = — 2 Vksin®, — 4(w, - w)cos(6; - 6),
and to the required degree of approximation
(F+#(w-wy=—-2Vio,. . Lo (L)
Similarly, considering the succeeding impact at 4 we
have
B+ E)w—w)=2Vh0, . . . (i)
S B wa—w) =2VA0.-8) . . (i)

* It must be remembered that « here has not the same meaning as in the
preceding.



Manchester Memoirs, Vol. lii. (1908), No. 8. 7

Now, during the cycle, the mean angular velocity

=Lo+w)
Vi
T E
Vk Vi .

—w(l——_—ﬁ2+k2'>——/x2+k29 . . A
Similarly, during the succeeding cycle, the mean angular
velocity

Vh Vi
ot ) R W)

Therefore, from (iv.) and (v.), the change in mean angular
velocity

=(wa—w)(1 ——K}l—‘r> - —,—VL

) A+ R A+

<. from (ifi.)

(6, - 6)

Vi \?
V/ZB(BQ - 291 + 9) - 2(m> (62 - al)r
Vk Vi
m(wl - w)r - 2<

>(92 0,)7’
-, from (i.)

Vk \ JE—
= ’2<mf (6, =0~ 6y)r

change in mean angular velocity in cycle 27 _ _( Vh )
27 AR+ A

ie.

when small quantities of the second order are neglected.

Thus the mean angular acceleration is directed towards

the position of equilibrium, and is equal to <Z%) X the
angular displacement—the result obtained previously.
It is of interest to compare this case of constant pivot

speed with the motion when the pivot has a simple vibra-

Go 8]0



8  STEPHENSON, New Type of Dynamical Stability.

tion of small amplitude @, and frequency # per 27 units
of time. The equation of motion is then

0+ 7[2{: bz an‘cosnt 8=o

and the solution® when a/%/(/*44%) is small, is approxi-
mately

6=asin( 1 _ank 1+€> . . . (2)

It is evident that (1) and (2) are of the same type, an
in (2) being the maximum velocity of P in its path.

We have thus proved that when the amplitude of the
pivot motion is small, the body swings in a simple vibra-
tion of frequency proportional to the frequency and to
the amplitude of the applied motion.

3. Now consider a body free to rotate about a hori-
zontal pivot, and set in the position of unstable equilibrium:
what will be the effect of a vertical oscillation of the pivot
on the stability of the equilibrium?

In the position inclined to the vertical at an angle @,
the mean anguiar acceleration due to the imposed motion

is Q(i_%)b inwards, from (2); while the outward

LY

yEoy The resultant is

acceleration due to gravity is

therefore

a*nh y/
- {z(ﬁ=+k'-') "g}/z‘-'+k'-'9
and the acceleration is always towards the vertical if
(any> 2004 + ¥*)/ 4.

Thus the inverted pendulum is rendered stable by a
small simple vertical oscillation of the pivot of maximum
velocity greater than

Vgl + Bk

* The investigation is given in a paper “On Induced Stability,” Phi/.
Mag., February, 1908,
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When this condition is satisfied, the motion about the
vertical is simple vibratory of frequency

a \/{z(‘/xr’:fk’) }/,2{:.,@' N &)

per 2rx units of time.

To illustrate these results experimentally, a uniform
rod of length 396 cm. was pivoted at one end, and the
pivot. was moved in an approximately simple vibration of
amplitude 3'85cm. With an applied motion of frequency
11°2 per sec., the period of the small oscillations about the
vertical was found to be 164 sec. The above formula,
(3), gives 1'58sec. The 47, difference may be attributed
partly to the effect of friction in lengthening the period,
and partly to error in the determination of the pivot
frequency.

If the imposed motion is slightly inclined to the
vertical, it is observed that the pendulum makes small
oscillations about a position much more markedly oblique
in the same direction. This effect can be explained very
simply.

Let the inclination of the applied motion be 3, and
that of the mean position of the pendulum 4., The
accelerations due to the applied motion and gravity in
this posi‘tion must be equal and opposite ; z.e.,

1 ank
"'(/z"'+/r) -h) = /r+k

and therefore

20(/° + &)\
anh )
Thus v is large compared with 3 when # is near the limit
necessary for stability.®
Finally, it may be noted that the stability effect still

® For the determination of the amplitude of the forced oscillation about
the mean position, reference may be made to §1 of the paper on ‘‘ Induced
Stability ” already quoted.

y=p/{r-
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holds when the rod is supported by a double joint so that
it has complete freedom of motion about the vertical.

4. The particular case of dynamical stability investi-
gated above is an example of a general type. If any
system fixed by one coordinate is statically unstable in'a
position of equilibrium, that posit.- - rendered stable by
the action of a periodic disturbance applied in such a way
as to generate no motion about equilibrium. The main-
tenance of the stability here does not necessarily demand
an impressed motion : in the case of the inverted pendu-
lum, for example, a periodic variation in gravity would
have the same effect as the vertical oscillation of the
pivot.

Some types of steady motion are also rendered stable
by a non-generating periodic disturbance*; thus a top
rotating at a speed too low for stability is maintained
about the steady state by a vertical oscillation of the point
of support. ‘

It is possible that this method of ensuring the stability
of a steady motion may be of service in special cases
where the more usual devices are not applicable. In the
problem of mechanical flight the great difficulty lies in
obtaining longitudinal stability at slow speeds; if an
aeroplane system is started in steady motion, a small
disturbance results in a pitching oscillation, which con-
tinues with increasing violence until finally the glider is
overturned. The mathematical investigation of the effect
of the non-generating periodic disturbance which is
illustrated in this paper, was undertaken with the view of
its possible application to a mechanism ‘whereby stability
in gliding would be automatically ensured. In such a
case the motion is of a more complex character, involving
the interaction of several co-ordinates : it is hoped to give
a general examination of the problem later.

* Joc. cit., § 2 and 3.
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