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1. Introduction

During the last years, spline functions have found widespread application,
mainly for the purpose of interpolation [I]. However, there may be a demand
to replace strict interpolation by some kind of smoothing. Usually, such a situation
occurs if the values of the ordinates are given only approximately, for example if
they stem from experimental data. In the case in which, for theoretical reasons,
the form of the underlying function is known a priori, it is recommended that
the latter be approximated by an appropriate trial function which is fitted to
the data points by application of the usual least squares technique. Otherwise
a spline function may be used. The following algorithm will furnish such a spline
function, optimal in a sense specified below. Its application is mainly for curve
plotting.

2, Formulation

Let x;, ¥;, =0, ..., # be given and assume that

x0<x1'< "'<x",

(the treatment may easily be extended to the case of confluent abscissae). The
smoothing function f(x) to be constructed shall

Xn
(1) minimize [g"’(x)2dx
X,
among all functions g(x) such that

(2 Zj(ﬂ’fg;;—yi)zgs, g€Cxy, %,].

Here, 8y,>0, 1=0, ..., % and SZ0 are given numbers. The constant S is re-
dundant and is introduced only for convenience. It allows for an implicit rescal-
ing of the quantities dy, which control the extent of smoothing. Recommended
values for S depend on the relative weights §y;®. 1f available, one should use
for 3y, an estimate of the standard deviation of the ordinate v,. In this case,
natural values of S lie within the confidence interval corresponding to the left-
hand side of (2):

(3) N—(2N}<S<N4+(2N)}, N=n+1.

Choosing S equal to zero leads back to the problem of interpolation by cubic
spline functions, or more generally, by spline functions of order 2k —1, if we
replace the second derivative in (1) by the derivative of order %. Here, the special
case k=2 is mainly used, because it leads to a very simple algorithm for the
construction of the function f(x). Moreover, cubic splines are easily evaluated and
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give in general satisfactory results. However, the minimum principle (1) influences
the shape of the function f{x) much more in smoothing (S>>0) than in inter-
polating (S=0). Hence, it may be interesting to extend the treatment of (1), (2}
to the case of higher derivatives in {1).

3. Cubic Splines as Solution of the Minimum Principle
The solution of (1), (2) may be obtained by the standard methods of the
calculus of variations [2]. Thus, by introducing the auxiliary variable z together
with the Lagrangian parameter , we have to look for the minimum of the
functional

“ fxng”(x)zdx +p {igo (g_(’%')y;_yi)z-i-z? _S}.

From the corresponding Euler-Lagrange equations, we determine the optimal
function f(x):

(5) F"x) =0, %,<x<%y, 1=0,..,n—1,
0 i k=01 (i=1,...,8—1)
6)  fOx). — P (x), = 0 if k=2 {1==0,...,n)
Fx)—vi e 3 L
2P Y if k=3 (=0,...,1),

with /¥ (x), = lhl?‘} f® (x, 4 k). For sake of a uniform notation, we use

F'(%0)- = ["" (%) = 1" (%n)s = """ (%)s = O.
(5) and (6) show that the extremal function f(x) is composed of cubic parabolas
(7) Hr)=a;+bi(x — %) +c;(x — ) +d;(x — ), %=x<wp

which join at their common endpoints such that £, f, and f’ are continuous.
Hence, the solution is a cubic spline.

Inserting (7) into {6) we obtain relations among the spline coefficients. A short
manipulation yields

from k==2:

(8) Cog=10,=0, di=(c£+1"'ci)/(3ké)’ t=0,...,n—1,
from k=0:

9 b= (@41 — a;))[h; — cih; — d; 1, 1==0,..., %1,
from k==1:

(10) Tc=Q%a,
from k=1%:

(11) Qc=pD2(y—a).

Here, the following notation is used:
hi=2%1— %,

¢ =(cg,ees Cyy)’,



Smoothing by Spline Functions 179

Y =0 Y1 0 V)T
a =(ay, ag, ..., a,)"%,
D =diag(dv,, ..., 0y,),
T a positive definite, tridiagonal matrix of order n —1:
tii=2(hi1+1)[3, bira =t =hif3,
Q  a tridiagonal matrix with # 41 rows and » —1 columns:
Gy, i =1y, gii=—Ah_y—1/h;, Giv1,i=1/h;.
A left-hand multiplication of (11) by Q7 D? separates the variable c:
(12) Q"D*Q+pT)o=pQ"y,
(13) a=y—pD*Qe.
Thus, if the value of the Lagrangian parameter p is given, we obtain the vector ¢
from (12) and the vector @ from (13). The remaining coefficients b, and 4; are

now computed from (8) and (9). Note that the matrix corresponding to {12) has
band form with five non-zero diagonals. This matrix is positive definite, if #=0.

4. Determination of the Lagrangian Parameter

The expression {4) has to be minimized also with respect to z and p, leading
to the conditions

{(14) p2=0,
o (FF) =i o
(15) 2= -

By application of (12) and (13) the left-hand side of (15) is easily expressed as
F(p)? where

(16) Fp)=|DQ@"D*Q+ p1) Q" 3,
From (14) we conclude that either $=0 or z=0.

The first case is only possible if F(0)<S% This applies, if the given data
points are such that the straight line fitted to them by usual least squares prin-
siple satisfies condition (2}. From (12} we obtain ¢=0 and from (13) by a limiting
process

a=y—D*QQ"D2Q)Q"y.
Thus, the cubic spline reduces to this straight line.

If F(0)> S#, we have p ==0 and 2=0. Hence, equality holds in (2) and p must
be determined from the equation
(17) F(p) = S*

It is easy to show that F(p) is a strictly decreasing, convex function if p=0,
where F(p)—>0 as p—»oo. Hence, there exists one and only one positive root
of (17). There is also at least one negative root. However, it can be shown that
the value of the expression (1) is greater for each negative root than for the
positive root,
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We use NEwTON’s method to compute this positive root. If we start with
$=0, the convexity of F(p) guarantees global convergence. Let us introduce the

abbreviation
u=pre=(QTD*Q+pT)*Q"y.

Then we have F(p)?=u"Q" D2 Qu and
FdF|dp=uT QT D2Q(dujdp)

=pu" TQTD2Q+pT) T —~u"Tu.
For the computation of # we need the Cholesky decomposition RTR of the
positive definite band matrix Q7 D?2Q 4 p T. This symmetric decomposition may
be used also for the computation of the right-hand side of {18). Hence, we obtain F
from the triangular decomposition of Q7D2Q+p T, a forward substitution with

R7, and a backward substitution with R. A multiplication with the tridiagonal
matrix T and a second forward substitution with RY yields FdF/dp.

Now the algorithm is:
Start with p=0.
(i) Cholesky decomposition R* R of QT D2Q4-pT.
(ii) Compute # from RT Ru=Q"y and v=DQu, accumulate e=27v.
(i) If e greater S
Compute f=uT T and g=w"w where RTw=Tu,
replace by p-+ (e — (S /(f—p xg),
restart with step (i),

(18)

Otherwise
(iv) Compute a=y— Dv, c=pu and b;, d; according to (8), (9).

Another way to determine the Lagrangian parameter is to apply NEWTON’s
method to the function F(1/p) — S}, starting with p=0 and producing the recip-
rocal value of p. Proceeding along the same lines, this alternative way needs only
minor modifications of the outlined algorithm. When tested with few examples,
convergence was always reached with a slightly reduced number of iterations.

5. Testresults and ALGOL Program

Interpolation is frequently used in connection with numerical differentiation
of a function which is given only incompletely by a table. Splines have been
used to reduce the error due to the inherent discretization. It is clear, however,
that all methods based on interpolation give results which reflect the accuracy
of the data. The error part introduced by incorrect ordinates depends on the
order of the derivative, the stepwidth of the table, and the accuracy of its entries.
If it is dominant, smoothing should replace interpolation.

For demonstration we used a table of sin(x), x=0° (1% 180°, rounded to
four decimal places (8y=5;,—5/}3). Approximations to the derivatives of order
k=1, 2, 3 were computed from difference quotients, interpolation and smoothing
by cubic splines. In the table, we list the corresponding mean-square errors
obtained from comparison with the true values.



Smoothing by Spline Functions 181

Table. Mean-square evvov of numerical derivatives of sin(x), computed either by
interpolation (1), (2) or by smoothing (3)

Order 1) (2) (3)
Difference Cubic spline Cubic spline
quotient S=0 §5=180

0 3.0;0—5 3.050—5 1.3;0—35

1 2.60—3 3.410—3 0.21;9~3

2 0.26 0.67 0.0042

3 28 74 0.16

The application of smoothing for curve plotting is demonstrated in Fig. 1.

Fig. 1. Smoothing of data points (X) by a cubic spline, 248y, is marked in the upper
left-hand corner, n=100, S=90

The results were produced by the following ALcor program which corresponds
to the modified variant of the algorithm. A rational version of the Cholesky
decomposition is used.

Input:

#1, n2 number of first and last data point, #2>#n1.

%, y,dy arrays with x[¢], y[¢], dy[i]1(—2) as abscissa, ordinate and relative
weight of i-th data point, respectively, (i=#n1 (1) »2). The components
of the array x must be strictly increasing.

s a non-negative parameter which controls the extent of smoothing: the

spline function f is determined such that
n2

2 (=) — y[Djayli]) 1 2 =55,

fmp 1

where equality holds unless f describes a straight line.
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Output:
a,b,¢, 4 arrays, collecting the coefficients of the cubic spline f such that with
h=2xx—x[t] webave [(xx)=((d[{]xh+c[i]) ¥k + B[{]) x 2 + a[i]
i sl S xx<axfi 1], t=mnl, ..., n2—1.
Furthermore, a[n2] = f{x[n2]} and ¢[n8] =0
while 8[#2] and d[nZ] are left undefined.

procedure smooth(nl, nl) data: (x, vy, dy, s} vesuit: (a, b, ¢, d);
value n1, 2, s;
integer nl1, n2;
real s;
array x,y,dy, a,b,¢,d;
begin
integer 7, m1, m2; vreale,f, [2, 2k, p;
array r, 1,72, ¢, t1, u, v [0l —1: n€-1];
ml:=nl—1;, m2.=n2-41;
riml] = r[nl] 1= rI[n2] i==r2[n2] 1= r2[m2] 1=
ulml] :=ulnl]:=u [n2] 1=u [m] =P 1= 0;
ml:=nl4+1;, m.=n2—1;
hi=ximl] —x[nl); }:= (y[mI] —y[nd))/h;
for i:=ml step 1 until m2 do
begin
gi=h; hi=x[i4+1]—x{i];
e:=fi fi=Oli 11—yl
a[i]:=f—e; fi]i=2X(g+h)[3; tI[i]:=hf3;
r2[i] :=dy[i —1]fg; #[¢]:==dy[i+1]/k;
71[i] := —dy[s]fg —dy[il/k
end 7;
for i := ml step 1 until m2 do
begin
b[4] s = r[i] x2[5] +v1[2] XrI[{] 4 72[] x72[i];
c[f] i= [l xp1[i 1] -+ v1[E] x22[C +17;
aii] =i xr2[i +2]
end :;
f2:1= —s;
next iteration:
for {:= ml step 1 until m2 do
begin
rI[i — 1) i=fXr[i—1]; »8[i —2]1=gxv[i—2];
r[8] 1= 1](p X B[i] + t[¢] ~F x#1[i — 1] — gxr8[i —2]);
w[t] i=a[t] —rI[i — 1] Xuf —1] — 22 — 2] X u[t —2];
fi=pxc[i) I —hxrl[i—1); gi=h; h:=d[5]xp
end 7;
for ¢ := m2 step —1 until mI do
wld] 1= r[6] Xu[f] —21[5] Xuli +-1] —22[{] Xu[i +-2];
e:=h:=0;
for i := nl step 1 until m2 do
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begin
gi=h; = (i 41] — i) /(x]i +1] —2[i);
i} i= (b —g) XaAy[{] Xdy[t]; e:=e+o[i]x(h—g)
end i;
g:=v[nl]:= —hxXdyn2] xdy[nl]; e:=e—gxh,;
g:=112, [2:=expxp;
if f2=sVf2<g then go to fin;
fi=0; h:= (@ml]—vnl))/{(x[ml] —x[nl]};
for i := mlI step 1 until m2 do
begin
gi=h; b= (oi 1] —ofdl)/(xli +-1] —2i]);
gi=h—g—rI[i—1] xv[t —~1] —22[1 — 2] x2[{ —2];
fr=f+gxrlt]xg; r[i]:=¢
end 7;
hi=e—pxf; ifh=0 then goto fin;
pi=2p+ (s—12)/((sqrt(se} + p) x}); go to next iteration;
comment Use negative branch of square root, if the sequence of abscissae #[7]
is strictly decreasing;

fin:
for i := »n1 step 1 until »2 do
begin
ali] = y[s] —p xo[i];
clt] 1= uli]
end 7;
for i := I step 1 until m2 do
begin

k= x[i +1] —x[i];
afi] = (c[t+1] —c[i])/(3 xA);
bli] i= (ali +1] —a[d])[h — (h X d[i]4-c[]) X A
end 7
end smooth;
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