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Recall is the ratio of the number of relevant docume rieved to the total number
of relevant docwments in the collection, and precision is the ratio of the number of
relevant documents retrieved to the total number of documents retriéved.
Standardized evaluation of IR began in 1992 with the initiation of the annual
Text REtrieval Conference (TREC) sponsored by the Defense Advanced Research
Projects Agency (DARPA) and the National Institute of Standards and Techuology
(NIST) {29]. TREC participants competitively index a large text collection {gigabytes
in size) and are provided scarch statements and relevancy judgments in order to judge
the success of their approaches. Another DARPA-sponsored effort in standardization
is being lead by the TIPSTER working group {57]. The focus of this group is to
specify an architecture of an IR system (a set of protocols for document processing)
without legislating how that architecture should be implemented. Participants try to
determine ways of integrating new methods of IR using a consistent interface.
The purpose of this paper is to show how linear algebra can be used in automated
IR. The most basic mechanism is the vector space model (50, 18] of IR, in which each
document is encoded as a vector, where each vector component reflects the importance
of a particular term in representing the semantics or meaning of that document. The
vectors for all documents in a database are stored as the columns of a single matrix.
In section 2 of this paper, we show how to translate a collection of documents into a
matrix and how to compare a user’s query to those documents through basic vector
operations. The SMART (System for the Mechanical Analysis and Retrieval of Text)
system, introduced in 1983 [50]. was one of the first to use the vector space model.
The SMART system {18}, tuned using sophisticated heuristic techniques, has been a
top performer at TREC conferences.

The newer method of latent semantic indexing (LSI) or latent semantic analysis
(LSA) is a variant of the vector space model in which a low-rank approximation to the
vector space representation of the database is employed [9, 19]. That is, we replace
the original matrix by another matrix that is as close as possible to the original matri
but whose colmnpgpace is only a subspace of the column space of the original matrix.
Reducing thg'rankjof the matrix is a means of removing extrancous information or
noise from the database it represents. Rank reduction is used in various applications
of linear algebra and statistics [14, 27, 31] as well as in image processing {2], data com-
pression [46], cryptography [43], and seismic tomography (17, 52}, LST has achieved
average or above average performance for several TREC collections {21, 22].

In this paper, we do not review LSI but rather show how to apply the vector
space model directly to a low-rank approximation of the database matrix. The oper-
ations performed in this version of the vector space model admit an easier geometric
interpretation than do those wnderlying LSL We refer the interested reader to [9] and
{19] for the details of LSL v—

We begin our exposition with the.
with which most students are familiar. :
used in IR methods tested to date, it suffices for showing the fentures of rank 3&:25:.
While Dot I A the St valne decomposition (SVDT I seaion ™8, Ve
show how the Tk

R factorizationy the orthogonal factorization
actorization hius not actually been

R favtor izarisi of the database mattik can e used to provide a
geometric interpretation of the vector space model. In section 4, we demonstrate
how using the factorization to rednce the rank of the matrix can belp to account for
uncertainties in the database.

In sections 5 and 6, we move on to combine the vector space model with the
SVD. The SVD is a form of orthogonal matrix factorization that is more powerful

s e R x

ot

hp

//iwww.siam.org/journals/ojsa.p

Downloaded 12/07/17 to 132.198.129.164, Redistribution subject to SIAM licensc or copyright; sce hitp:

338 M. W, BERRY, Z. DRMAC, AND E. R. JESSUP

than the QR factorization. Although the SVD is not often included in introductory
linear algebra courses, students comfortable with the QR factorization should be able
to read and understand these sections. We first introduce the SVD and compare the
low-rank approximations computed from the SVD and the QR factorization. We then
explain how to formulate the comparison of queries and documents via the SVD.

r_ section 7, we explain what motivates the use of the SVD in place of the QR
iee by showing how relationships between terms can be discovered
in the vector space model. Such comparisons aid in the refinement of searches based
on the vector space model. The SVD allows such comparisons of terms with terms
as well as documents with documents, while the QR factorization permits only the
latter. In section 8, we depart from the basic mathematics to cover the more advanced
techniques necessary to make vector space and SVD-based models work in practice.
Finally, in section 9, we provide a brief outline of further reading material in IR.

Sections 2-7 of this paper should be accessible to anyone familiar with orthogonal
factorization (like the QR factorization). Section 8 is more difficult; the recent research
results and questions about the practical implementation details of SVD-based models
in it may be challenging reading for students.

2. The Vector Space Model.

2.1. A Vector Space Representation of Information. In the vector space IR
model, a vector is used to represent each item or decument in a collection. Each com-

ponent of the vector reflects a particular concept, key word, ot ferm associated with

the term in representing the semantics of the document. Typically, the value is a func-

tion of the frequenty With Wiich € Ra term oconrs in the document or in the document
collection as a whole {20, 55]. Suppose a document is described for indexing purposes
by the three terns applied, linear, and algebra. It can then be represented by a
vector in the three corresponding dimensions. Figure 2.1 depicts that vector when
the terms have respective weights 0.5, 2.5, and 5.0. In this case, the word algebra is
the most significant term in the document, with linear of secondary importance and
applied of even less importance.

A database containing a total of d documents described by ¢ terms is represented
as at x d term-by-document matriz A. The d vectors representing the d doc £
form the columns of the matrix. Thus, the matrix element a;; is the weighted fre-
quency at which term i oceurs in document j [9]. In the parlance of the vector space
model, the columns of A are the document vectors, and the rows of A are the term
vectors. The semantic content of the database js gvholly contained in the column
space of A, meaning that the document vectors .@ hat content. Not every vector
represented in the column space of A has a specilic interpretation in terms of the
document collection itsclf (i.e., a linear combination of vectors corresponding to two
document titles may not translate directly into a meaningful document title). What
is important from an IR perspective, however, is that we can exploit geometric rela-
tionships between document vectors to model similarities and differences in content.
We can also compare term vectors geometrically in order to identify similarities and
differences in term usage.

A variety of schemes are available for weighting the matrix elements. The elements
a;; of the term-by-document matrix A are often assigned two-part values a;; = li;g;.
In this case, the factor g; is a global weight that reflects the overall value of term
7 as an indexing term marﬁg%?e%s=2:o=, As one example, consider a very
common torm like computer within a collection of articles on personal computers.

the given document. Hrm value assigned to that component reflects thedmportance of
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The t = 6 terms:

T1:  bak{e,ing)
T2 recipes
T3:  bread

T4:  cake
Th:  pastr(y.ies)
T6: pie

The d = 5 document titles:

Di:  How to Bake Bread Without Recipes

D2: The Classic Art of Viennese Pastry

D3:  Numerical Recipes: The Art of Scientific Computing

D4: Breads, Pastries, Pies and Cakes: Quantity Baking Recipes
D5:  Pastry: A Book of Best French Recipes

The 6 x 5 term-by-document matrix before normalization, where the
element 4;; is the number of times term i appears in document title j:

10010
1 0111
A= 1 0010
! 00010
01011
00010

The 6 x 5 term-by-document matrix with unit columns:

0.5774 0 0 0.4082 0
0.5774 0 1.0000 0.4082 0.7071
A= 0.5774 0 0 0.4082 0
0 0 0 0.4082 0
0 1.0000 0 0.4082 0.7071
0 0 0 0.4082 0

Fig. 2.2 The construction of o term-by-document matriz A.

are returned as relevant. The second, third, and fifth documents, which concern
neither of these topics, are correctly ignored.

If the user had simply requested books about baking, however, the results would
have been markedly different. In this case, the query vector is given by

¢@@=(1t 000 0 0),

and the cosines of the angles between the query and five document vectors are, in
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order, 0.5774, 0, 0, 0.4082, and 0. Only the first document, a book about baking bread,
makes the cosine cutoff. The fourth document, which is in fact a more comprehensive
reference about baking, is not returned as relevant.

The IR community has developed a variety of approaches to respond to such
failures of the basic vector space model. Those techniques typically affect how the data
are represented in the term-by-document matrix, Examples include term weighting
schemes, use of a controlled vocabulary (a specified set of allowed terms {33]), and
replacing the exact term-by-document matrix by a low-rank approximation to that
matrix. The latter approach is the basis of the method of LSI {9, 19] and of the new
method described in this paper. In sections 3 to 6 of this paper, we work through
the process of rank reduction, first using the QR factorization and then proceeding
1o the perhaps less familiar SVD used in LSL In both cases, we use the factorizations
to illustrate the geometry of query matching and to explain what can constitute a
reasonable approximation to the term-by-document matrix. The latter is important
as proponents of LSI argue that the rank-reduction step serves to remove noise from

the database representation. e

3. The QR Factorization. In this section, we show how the QR factorization can
be used to identify and remove redundant information in the matrix representation of
the database. In linear algebra terms, we identify the rank of the term-by-document
matrix. This process leads us directly to a geometric interpretation of the vector space
model. In section 4, we show how to lower the rank of the matrix further by removing
components that can be attributed to the natural wncertainties present in any large
database. The rank-reduction steps allow us to set portions of the matrix to zero and
thus to ignore them in subsequent computations. Doing so lowers the cost of query
matching and helps to recoup some of the expense of computing the factorization.

Note that the 6 x 5 term-by-document matrix of the example in Figure 2.2 is of
rank 4 because column 5 is the sun of columns 2 and 3. Even greater dependence can
be expected in practice: a database of library materials can contain different editions
of the same book, and a database of Internet sites can contain several mirrors of
the same Web page. As in owr example, dependencies can also involve more than
simple copies of information: binary vectors representing the documents applied
linear algebra and computer graphics sum to the binary vector representing
linear algebra applied to computer graphics (where the preposition fo is not
considered to be a term), so any database containing all three documents would have
dependencies among its columns.

3.1. Identifying a Basis for the Column Space. Our first step in the rank-
reduction process is to identify dependence between the columns or rows of the term-
by-document matrix. For a rank r4 matrix, the ra basis vectors of its column space
serve in place of its d column vectors to represent its column space. One set of basis
vectors is found by computing the QR factorization of the term-by-document matrix

A=QR,

where R is a ¢ x d upper triangular matrix and @ is a t x t orthogonal matrix. A
syuare matrix ( is orthogonalif its columns arve orthonormal. That is, if ¢; represents a

column of an orthogonal matrix @, it has unit Euclidean norm (ff g; [l2 = ,SWS. =1
for j = 1,...,1) and it is orthogonal to all other columns of Q (, Sw,e.. =0 for all
i # j). The rows of Q are also orthonormal, meaning that QTQ = QQT = I.
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<7
One interpretation of this result is that the nser’s imperfect query is antomatically W the Enclidean vector norm to matrices, the result is the so-called Frobening matrix
replaced in the dot product .d::z:m:c: with its best approximation from the content a norm, which is defined for the real ¢ x d matrix X by
of the database. The component g3, which cannot share content with any part of the B
column space of A, is ignored. If we take that observation one step farther, we can a
replace g with its projection altogether and compute a new measure of similarity: 2 (4.1)
H N &
, ‘i e.?? H E . . . . .
(3.6) cosf; : 3 The Frobenius norm can also be defined in terms of the matrix trace Trace(X), which
laj a2l as Il WJ ccquals the sum of the diagonal elements of the matrix X7 X:
That is, we compare the projection of the user's query to the document vectors. For m p - & F
a given index j, the two cosines are related by 8 (42) IXHe = ,\,Hgnik X)= )\‘?EEN XT).
a7 . = cosd Maals .0 Il 94 |2 M Using the latter definition, we show that premultiplying the matrix X by a t x ¢
3.7 COs0; = cos by als cosb; 2 orthogonal matrix O leaves the Frobenius norm unchanged:
B

aa i3 +ax 13

S

HOX e = /Trace((OX)T(0X)) = |/ Trace( XTOTOX) = |/ Trace(XTX) = | X|

Similarly, [ XV = for any orthogonal d x d matrix V.

Our aim is to find a reasonable low-rank approximation to the matrix A. We focus
on the upper triangular matrix R, recalling that the ranks of R and A are equal. While
the rank of A4 is not generally obvious, :z. rank of R is easy to determir
equal to_the number of nonzero, entries. ingonal. The QR factorization with
colitmn pivoting aids us in manipulating the rank of R, as it tends to separate the
large and small parts of the matrix, pushing the larger entries toward the upper left
corner of the matrix and the smaller ones toward the lower right. If this separation
is successful, the matrix R can be partitioned to isolate the small part. For example,
the factor R for our example problem can be partitioned as follow:

As the ratio of norms on the right-hand side of (3.7) is bounded above by 1, the
cosines computed using g are always less than or equal to those computed using g,.
As a result, a query vector nearly orthogonal to the column space of A is more En,_«.
to be judged relevant when using g4 than when using ¢, even though such a vector has
only a tiny component in that space. In other words, while use of (3.6) may help to
identify more c», :5 S_:ﬁ: %ﬁ wments, it =E< .,.._nc increase ::. ::5:3 cm ::._e ant

:.,_A c». Fa:?i prec ision _E_

4. The Low-Rank Approximation. Up to this point, we have :Joz the Oz .,.:.
torization to explain the geometry of the query matching procedure. In addition, the
QR factorization gives us a means of dealing with uncertainties in the database. Just

as measwrement errors can lead to uncertainty in experimental data, the very process —1.0001 0 05774 | ~0.7070 —0.4082

of indexing the database can lead to uncertainty in the term-by-document matrix. A 0 10000 0| —0.4082 ~0.7071

database and its matrix representation may be built up over a long period of time, by 0 0 08165 0 0.5774 Ry R
many people with different experiences and different opinions about how the database R= [i} 0 0] 05774 ol A 0 Nwﬁv :
content should be categorized. For instance, in the example of Figure 2.2, one could 0 0 0 0 [i]

argue that the fifth docmment is relevant to baking since it is about pastry recipes, 0 0 0 0 0

which are simply instructions for baking pastry. Under that interpretation the (un-
normalized) term-by-document matrix A would have the entry 4,5 = 1. Because the
best translation from data to matrix is subject to interpretation, a term-by-document
matrix A might be better represented by a matrix sum A+ E, where the uncertainty
matrix £ may have any number of values reflecting missing or incomplete information
about documents or even different opinions on the relevancy of documents to certain
subjects.

Now, if we accept. the fact that our matrix A is only one representative of a whole
family of relatively close matrices representing the database, it is reasonable to ask if ~, €. .x, ¢ Wﬁw.x
it makes sense to attempt to determine its exactly [56). For instance, if we find .m. e om wtmhoy ,,Av

Under this partitioning, the submatrix Ryg is a relatively small part of the matrix R.
Specifically, || Ryg ||/ R | = 0.5774/2.2361 = 0.2582.

We now create a new upper triangular matrix R by setting the small matrix
Rza equal to the zero matrix. The new matrix R has rank 3, as does the matrix
A+ E = QR. The uncertainty matrix E is then given by the difference

E=(A+E)-
Ry Rz
OANN: N_.mnv|© 0 Ra

one Lowsv.

A : i e
the rank 74 and, using linear algebra, conchide that changing A by adding a small = el gt ety

change E would result in a matrix A + E of lesser rank &, then we may as well argue
that our problem has a rank-k matrix representation and that the colmnn space of
A is not necessarily the best representation of the semantic content of the database.
Next we show how lowering the rank may help to remove extraneous information or
noise from the matrix representation of the database.

To proceed, we need a notion of the size of a matrix. In particular, we need to be
able to say when a matrix is small in comparison to another matrix, If we generalize

Note that
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Here Ay = SM».SN. where Uy is the ¢ x & matrix whose columns are the fin

columns of U, Vi is the d x & matrix whose columns are the first & columns of V, and
i is the k x & diagonal matrix whose diagonal elements are the & largest singulay

values of A.

We return now to the example matrix from Figure 2.2, The SVD of that matrix

is A= ULVT, where

0.2670 ~0.2567  0.5308 ~-0.2847 0
0.7479 —-0.3981 -0.5249  0.0816 0
U= 0.2670 -0.2567  0.5308 -0.2847 0
0.1182 —0.0127  0.2774  0.6394 ~0.7071 |
0.5198  0.8423 0.0838 -—0.1158 0
01182 -0.0127  0.2774  0.6394 0.7071
1.6950 0 0 00
0 1.1158 0 00
v 0 0 0.8403 00
0 0 0 0.4195 0
0 0 0 00
0 0 0 00
0.4366 ~0.4717  0.3688 ~0.6715
0.3067  0.7549  0.0898 -0.2760
V=1 04412 -0.3568 -0.6247 0.1945
0.4909 -0.0346  0.5711  0.6571
0.5288  0.2815 ~0.3712 ~0.0577

"This rank-4 matrix has four nonzero singular values, and the two zero rows of £ signal
that the first four cohunns of U constitute a basis for the colwmn space of A.

Using (5.1), we establish that ||A — Ag|| s = o4 = 0.4195 and that, since [|Aflr =
2.2361, ||A—~ Aslip/l|Allr = 0.1876. Similarly, |4~ As||#/||All# = 0.4200. Therefore,
only a 19% relative change is required to reduce the rank of A from 4 to 3, while
it would take a 42% relative change to reduce it from 4 to 2. If we consider 19% a
reasonably small change and 42% too large compared to the initial uncertainty in our
model, then we can accept rank 3 as the best for our model.

The columns of Ay span a three-dimensional subspace of the cohunn space of A.
This subspace is a good choice because a relatively small change is required to lower
the rank of A by 1 (thereby obtaining As), while a relatively large one is required
to lower its rank one unit farther. In our model, we believe that this subspace and
the corresponding matrix A; represent the structure of the database well. In other
words, we assume that the truc content of the database cannot be easily reduced to
a lower dimensional subspace. Thus, in ouwr small example, we are able to identify a
rank (k= 3) that provides a reasonable compromise between accuracy and problem
size. How to choose the rank that provides optimal performance of LSI for any given
database remains an open question and is normally decided vin empirical testing {9].
For very large databases, the mimber of dimensions used usually ranges between 100
and 300 [38], a choice made for computational feasibility as opposed to accuracy. Using
the SVD to find the approximation Ay, however, guarantees that the approximation
is the best we can create for any given choice of k.

As expected, the relative changes of 19% and 42% required t reduce the rank
of the matrix via the SVD are less than the corresponding changes of 26% and 52%
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The original term-by-document matrix:

0.5774 0 0 0.4082 0
0.5774 0 1.0000 0.4082 0.7071
A= 0.5774 V] 4] 0.4082 ]
- 0 0 0 0.4082 4]
0 1.0000 Q 0.4082 0.7071
0 0 0 0.4082 0

The rank-3 approximation computed using the QR factorization:

0 0 0.4082 0
0 1.0000 0.4082 0.7071
0 0 0.4082 0
0 0 0 0
1.0000 0 0.4082  0.7071
0 ] 0 0 0
The rank-3 approximation computed using the SVD:
0.4971 ~0.0330  0.0232 0.4867 —0.0069
0.6003  0.0094  0.9933 0.3858  0.7001
Ao == 0.4971 ~0.0330  0.0282 0.4867 -0.0069
= 0.1801  0.0740 -0.0522 0.2320  0.0155
—0.0326 09866  0.0094 0.4402  0.7043
0.1801  0.0740 ~0.0522 0.2320  0.0155

Fig.5.2 The term-by-document matriz A and its two rank-3 approzimations.

required to do it by the QR factorization. Keeping these numbers in mind, it is inter-
esting to make a visual comparison of the original term-by-document matrix A and
the two rank-3 approximations. As shown in Figure 5.2, the QR-based approximation
A looks a lot more like the original matrix than does the more accurate SVD-based ap-
proximation Ay. These results demonstrate the danger of making assumptions about
accuracy based on appearance.

Reeall that the original term-by-document matrix A was constructed from term
frequencies, thus all of its entries are nonnegative. The presence of negative elements
in Ay is not a problem but rather a reflection of the fact that the entries are lincar
combinations of the entries of A. Keep in mind that the database content is modeled
by the geometric relationships between the document vectors (columns of Ay ). not by
the individual components of those vectors.

6. The Reduced-Rank Vector Space Model. Just as we did for the QR factor-
ization, we can develop a formulation of query matching based on the SVD. One form
of the vector space model that uses the SVD is LSI, as defined in [9] and [19]. In this
section, we introduce a new SVD-based variant of the vector space model that follows
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The t =7 terms: fori=1,....t and j = 1,...,d. Defining b; = £ UT e, we have w ﬂnrmz .
X

T1: run(ning) coswij = M

T2:  bike

T3 endurance

T4d:  training

T5:  band

T6: music

T7: fishes

fori=1...tandj=1,....d e
In addition to the geometric measure of similarity nsed in Figure 7.1, techniques
based on graph-theoretic concepts (e.g., links, cliques, connected components) are
sometimes used to produce approximate clusters directly from the term frequencics
stored in the original term-by-document matrix. Clusters formed by any method may
be merged or split depending on the level of similarity among clusters. Clustering,..
information can be used to generate statistical thesauri in which terms ave grouped
according to how often they co-occur, _a—_mM@LrFPNWWEEQﬂJﬂ%wQM% ﬁﬁﬁﬂm&’ R
appcar together should be associated ywith, similar, concepts. Such thesaurt are used
or (query expansion and refinement. See [33] for a more thorough discussion of term
(and document) clustering techniques. o

The d = 5 document titles:

|

/iwww.stam.org/journals/ojsa.php

Di:  Complete Triathion Endurance Training Manual: Swim, Bike, Run
D2:  Lake, River and Sea-Run Fishes of Canada

Middle Distance Running: Training and Competition

Music Law: How to Run Your Band’s Business

Running: Learning, Training, Competing

see hitp!

8. What We Do to Really Make IR Work. Scientific computing is rarely a
straightforward application of textbook algorithms. Implementing vector space meth-
ods in IR is no different. In this section, we discuss some techniques used in practice to
index and manage large collections of documents using LSI. They also apply directly
to the SVD-based method described in section 6. Most of the material in this section
is more advanced than that covered in the preceding sections, so we review only the

The 7 x 5 term-by-document matrix with unit columns:

0.5000 0.7071 0.707% 0.5774 0.7071

0.5000 0 0 0 0 . R ¢ .
0.5000 0 0 0 0 basic ideas and provide references to more detailed explanations.

G = | 0.5000 0 0.7071 0 0.7071 8.1. Relevance Feedback. An ideal IR system would achieve high precision for

0 0 0 0.5774 0 high levels of recall. That is, it would identify all relevant documents without also

0 0 V] 0.5774 0 returning any irrelevant ones. Unfortunately, due to problems such as polysemy and

0 0.7071 0 0 0 synonymy (described in section 1), a list of documents retrieved for a given query is

almost never perfect, and the user has to ignore some of the items.

In practice, precision can be improved using relevance feedback [49], that is, spee-
ifying which documents from a returned set are most relevant to the information
sought and using those documents to clarify the intent of the original query. The

Cosines of angles between term vectors:

10000 | 0.3464  0.3464  0.7746 | 0.4000 0.4000 | 0.4899 - ¢ ) ! ! Y
1.0000  1.0000  0.4472 | 0 ) ) term-term comparison procedure described in section 7 provides one mechanism for
1.0000 0.447210 0 0 relevance feedback by which the user can improve a query ~.§w§ on term cluster-
C = 1.0000 | 0 0 0 ing information. Relevance feedback can also be carried out in the column space; of
10000 1000010 the term-by-document matrix. In particular, the query can be m_::&me:"oa with
1.0000 1 0 or replaced by the vector sum of the most relevant documents n.mn:::i in E.%:“ to
T.0000 focus the search nearer to those document vectors, We now provide a mathematical
’ description of the latter relevance feedback procedure.

Because we are concerned only with information contained within the column
space of Ay, we assume that the original query vector g lies within that space. If
not, we replace the query vector with its projection into that space {g — UUT g).
To provide a common ground for the query and document vectors, it is convenient
to describe them both in terms of the same basis for the rank-k approximation to
the colmnn space. We choose the basis given by the columns of Uy, and then work
directly with the A-dimensional vectors that provide the coordinates of the vectors
in that basis instead of working divectly with the much larger {-dimensional query
and document vectors. The coordinates of the query vector are the elements of the
vector U7 q. and the coordinates of the jth column UyEg Vi e; of the matrix Az are
the clements of the vector £ V[ e;.

Fig. 1.1 Identifying polysemy via term comparison.

,»

in place of the columns of A; for query matching. In the same way, the rows of Vi
are a bagis for the row space of 4, and so can replace the rows of Ay in (7.1). Thus,
in a reduced-rank approximation, the cosine becomes
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