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The Gram—-Schmidt Orthogonalization Process

In this section we learn a process for constructing an orthonormal basis for an n-
dimensional inner product space V. The method involves using projections to transform
an ordinary basis {X;, Xy, ..., X,} into an orthonormal basis {u;,uy,...,u,}.

We will construct the u;’s so that

Span(uy, . ..,u;) = Span(xy, ..., X)

for k = 1,...,n. To begin the process, let

1
u = (—) X1 (1
(Il

Span(u;) = Span(x;), since u; is a unit vector in the direction of x;. Let p, denote the
projection of X, onto Span(x;) = Span(u,); that is,

p = (X, u)w
By Theorem 5.5.7,

(x2—pp) Lu
Note that x, — p; # 0, since

— (Xo,u
Xy —py = o2 L )
I

and x; and x; are linearly independent. If we set

w=——(%—p)) 3)
%2 — pyl

then u, is a unit vector orthogonal to u;. It follows from (1), (2), and (3) that
Span(u;,u;) C Span(xj, X»). Since u; and u, are linearly independent, it also follows
that {u;, u,} is an orthonormal basis for Span(xy, X;), and hence

Span(x;, X) = Span(u;, up)

To construct usz, continue in the same manner: Let p, be the projection of x3 onto
Span(xy, X) = Span(u;, up); that is,

P, = (X3, up) uy + (X3, W) U

and set

u3 (x3 — po)

X3 — Pl

and so on (see Figure 5.6.1).
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Proof
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X3
X3—P2

P2

Span (x;, x;)

Figure 5.6.1.

The Gram—Schmidt Process

Let {x1,Xy, . ..,X,} be a basis for the inner product space V. Let
()
u={—1Xi
[Ix1]]
and define u,, . . . ,u, recursively by
1
Ui = —(Xk+1 —pk) fork: 1,....,n—1

Xk+1 — Pl

where

Pr = Xk 1, W) Uy + (Xpgp, U2) Up + -+ - 4 (X1, Uge) Uy
is the projection of Xx41 onto Span(uy, Uy, . .., uy). Then the set
{u17u23 e ,un}

is an orthonormal basis for V.

We will argue inductively. Clearly, Span(u;) = Span(x;). Suppose that u;, uy, ..., u;

have been constructed so that {u;, us, ..., u;} is an orthonormal set and

Span(uy, w, ..., u) = Span(xy, Xa, . . ., Xx)
Since p, is a linear combination of uy, ..., u, it follows that p, € Span(x,...,X;)
and Xz — P € Span(X, . . ., Xg41)-

k
Xi+1 — Pr = Xp+1 — E CiXj
i=1

Since X, ..., X4+ are linearly independent, it follows that x;+; — p, is nonzero
and, by Theorem 5.5.7, it is orthogonal to each u;, 1 < i < k. Thus, {uj,uy, ..., w41}
is an orthonormal set of vectors in Span(xi, ..., Xg+1). Since uy, ..., ;4 are linearly
independent, they form a basis for Span(xy, . .., X;+1) and, consequently,

Span(uy, ..., ) = Span(Xy, ..., Xk41)

It follows by mathematical induction that {u;,u,,...,u,} is an orthonormal basis
for V. [ |
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EXAMPLE | Find an orthonormal basis for Ps if the inner product on Ps is defined by

3
p.q) =) plig(x)

i=1
where x; = —1,x, =0,and x3 = 1.
Solution

Starting with the basis {1, x, x>}, we can use the Gram—Schmidt process to generate an
orthonormal basis.

17 = (1,1) =3
SO
()=
I 3
Set
p=fo ) L (o L ) L
V33 V3 V3 V3) V3
Therefore,
x—=pi=x and [lx—pl’ = (xx) =2
Hence,
1
uz_ﬁx
Finally,
R
V33 V2 IV23
I* = pa|)* = <x2 - g,xz - §> = %
and hence
Vo, 2
w-L(e-2) .

Orthogonal polynomials will be studied in more detail in Section 5.7.

EXAMPLE 2 Let

1 -1 4
1 4 -2
A=17 4 2
1 -1 0

Find an orthonormal basis for the column space of A.
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Solution

The column vectors of A are linearly independent and hence form a basis for a three-
dimensional subspace of R*. The Gram—Schmidt process can be used to construct an
orthonormal basis as follows: Set

= llaill =2

1 111 1\’
= —a; = NP A A A
==

ri2 = (a,q;) =qa, =3
P = r2q, = 3q,

555 5\
a —Pp; = —5,5,57—5

oy =lla—pll=5

I

—_

1 111
q = a(az —Pp) = <—§» 57 _E)
r3 = (a3,q;) = qfa3 =2, ry = (a3, ) = qja; = 2
P2 = r13q; + raq, = (2,0,0,2)"
a3 —p, =(2,-2,2,-2)7
r33 = [laz — p,l| =4
1 111\
qs = a(% —p) = (5,—5, o _E)
The vectors q,, q,, q; form an orthonormal basis for R(A). [ |
We can obtain a useful factorization of the matrix A if we keep track of all the

inner products and norms computed in the Gram—Schmidt process. For the matrix in
Example 2, if the r;;’s are used to form a matrix

I i 13 2 3 2
R = 0 ryn m3 =10 5 =2
0 0 33 0 0 4
and we set
0=0;.9,93) =

= N—= = =

= = = =
= N—= = =

then it is easily verified that QR = A. This result is proved in the following theorem.

Gram—Schmidt QR Factorization

If A is an m x n matrix of rank n, then A can be factored into a product QR, where
Q is an m x n matrix with orthonormal column vectors and R is an upper triangular

n X n matrix whose diagonal entries are all positive. [Note: R must be nonsingular
since det(R) > 0.]
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Proof Let py,...,p,_; be the projection vectors defined in Theorem 5.6.1, and let
{q;, 4y, ...,q,} be the orthonormal basis of R(A) derived from the Gram-Schmidt
process. Define

ri = |lap]]
e = |lag — Pr_q |l for k=2,...,n

and
ra=qa for i=1,...,k—1 and k=2,...,n
By the Gram—Schmidt process,
mqp = a “
Ty = & —rgqy — Qo — -+ — —1xQ—y for k=2,....n
System (4) may be rewritten in the form

a; =rq

a = ripqy + maqp

a; = ripqq +"'+rnnqn
If we set

Qz(ql’qZ""’qn)

and define R to be the upper triangular matrix

rnm riz - g

0 ro - 1y
R =

0 0 - 7

then the jth column of the product OR will be
orj =rijdy + rjdy + - + rjjd; = 3
forj=1,...,n. Therefore,

QR=(317a29"'9an)=A | ]

EXAMPLE 3 Compute the Gram—Schmidt QR factorization of the matrix

1 -2 -1
2 0 1
2 -4 2
4 0 O
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Solution
Step |. Set
rm=la=5
1 122 4\"
=—a; = = =0 = =
W= =\5555
Step 2. Set
rp=qjla, = -2
P = r2q; = —2q;
8 4 16 8\’
a—p; = —g,g,—?,g
o =|la, —pll =4
1( ) 21 4 2\"
= —(@ — =\—Zzz°>=°Z
©= b 5555
Step 3. Set
riz=qja; =1, r3 = qla; = —1

3162\
P =ri3q; +13q =q; —qy = 5553

8 4 4 2\
a3 — P, = —gag,g,—g

r3; = |laz — pyf| =2
1 422 1\"
qQ; = g(% —P)= (—g, 55 —§>
At each step, we have determined a column of Q and a column of R. The
factorization is given by

1 2 4

5 75 75

2 1 21 (S5 =2 1
A=0QrR=1[> 35 3|10 4 -1 n

-5 3llo o 2

4 2 _1

5 5 5

We saw in Section 5.5 that if the columns of an m x n matrix A form an orthonormal
set, then the least squares solution of Ax = b is simply X = Ab. If A has rank n, but
its column vectors do not form an orthonormal set in R”, then the QR factorization can
be used to solve the least squares problem.

Theorem 5.6.3 IfA is an m x n matrix of rank n, then the least squares solution of AX = b is given
by X = R~'Q"b, where Q and R are the matrices obtained from the factorization given
in Theorem 5.6.2. The solution X may be obtained by using back substitution to solve
Rx = Q"b.
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