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(c) Solve the systems using A and A" and determine 46. Show that if A and B are invertible matrices, then
the actual relative error. cond{ AB) = cond(A)cond(B) with respect to any
matrix norm.

100
(d) Suppose b ischangedto b’ = { ] Howlargea ) . .
101 47. Let A be an invertible matrix and let A, and A, be the

relative change can this change produce in the eigenvalues with the largest and smallest absolute val-
solution to Ax = b? [Hint: Use Exercise 42.] ues, respectively. Show that
(e) Solvethe systems using b and b’ and determine [ N
the actual relative error. cond (A) =
|/\",
! bl ! [Hint: See Exercise 34 and Theorem 4.18(b) in
44, LetA = | 2 5 Olandb=1|21. Section4.3.]
1 -1 2 3

c#s In Exercises 48-51, write the given system in the form

(a) Compute cond, (A). of Equation (7). Then use the method of Example 7.22to

1 11 estimate the number of iterations of Jacobis method that
(b) Suppose Aischangedto A" = | 1 5 0 .How  will be needed to approximate the solution to three-decimal-
1 -1 2 place accuracy. (Use xy = 0.) Compare your answer with
large a relative change can this change produce in the solution computed in the given exercise from Section 2.5,
the solution to Ax = b? [Hint: Use inequality (1) 48. Exercise 1, Section 2.5  49. Exercise 3, Section 2.5

from this section.]

50.E ise 4, Section 2.5 51. Exercise 5, Section 2.5
(c) Solve the systems using A and A" and determine xercise on Xercise o, section

the actual relative error. Exercise 52(c) refers to the Leontief model of an open econ-
1 omy, as discussed in Sections 2.4 and 3.7.
(d) Suppose bis changedtob’ = | 1 |. Howlargea 52. Let A be an n X n matrix such that |A|] < 1, where
3 the norm is either the sum norm or the max norm.
relative change can this change produce in the (a) Provethat A" — Oasn —> ®,
solution to Ax = b? [Hint: Use Exercise 42.] (b) Deduce from (a) that I — A is invertible and
(e) Solve the systems using b and b’ and determine I-A"'=I+A+A+A+
the actual relative error. [Hint: See the proof of Theorem 3.34.]
45. Show that if A is an invertible matrix, then (c) Show that (b) can be used to prove Corollaries
cond(A) = 1 with respect to any matrix norm. 3.35and 3.36.

In many branches of science, experimental data are used to infer a mathematical rela-
tionship among the variables being measured. For example, we might measure the height
of a tree at various points in time and try to deduce a function that expresses the tree’s
height & in terms of time #. Or, we might measure the size p of a population over time and
try to find a rule that relates p to t. Relationships between variables are also of interest in
business; for example, a company producing widgets may be interested in knowing the
relationship between its total costs ¢ and the number # of widgets produced.

In each of these examples, the data come in the form of two measurements:
one for the independent variable and one for the (supposedly) dependent variable.
Thus, we have a set of data points (x;, y;), and we are looking for a function that best
approximates the relationship between the independent variable x and the dependent
variable y. Figure 7.9 shows examples in which experimental data points are plotted,
along with a curve that approximately “fits” the data.
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et Cotes (168217161 was an
English mathematician who, while
afellow at Cambridge, edited the
second edition of Newton’s Prin-
cipia. Although he published little,
he made important discoveries in
the theory of logarithms, integral
calculus, and numerical methods.
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Curves of “best fit”

The method of least squares, which we are about to consider, is attributed to
Gauss. A new asteroid, Ceres, was discovered on New Year’s Day, 1801, but it disap-
peared behind the sun shortly after it was observed. Astronomers predicted when
and where Ceres would reappear, but their calculations differed greatly from those
done, independently, by Gauss. Ceres reappeared on December 7, 1801, almost ex-
actly where Gauss had predicted it would be. Although he did not disclose his meth-
ods at the time, Gauss had used his least squares approximation method, which he
described in a paper in 1809. The same method was actually known earlier; Cotes
anticipated the method in the early 18th century, and Legendre published a paper
on it in 1806. Nevertheless, Gauss is generally given credit for the method of least
squares approximation.

We begin our exploration of approximation with a more general result.
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The Best Approximation Theorem

In the sciences, there are many problems that can be phrased generally as “What is
the best approximation to X of type Y?” X might be a set of data points, a function,
a vector, or many other things, while Y might be a particular type of function, a vec-
tor belonging to a certain vector space, etc. A typical example of such a problem is
finding the vector w in a subspace W of a vector space V that best approximates (i.e.,
is closest to) a given vector v in V. This problem gives rise to the following definition.

Zefinitlen  If Wis a subspace of a normed linear space V and if vis a vector

in V, then the best approximation to v in W is the vector v in W such that
v = vl <fjv— wi

for every vector win W different fromv.

In R? or R®, we are used to thinking of “shortest distance” as corresponding to
“perpendicular distance” In algebraic terminology, “shortest distance” relates to the
notion of orthogonal projection: If W is a subspace of R" and v is a vector in R”, then
we expect projy (v) to be the vector in W that is closest to v (Figure 7.10).

Since orthogonal projection can be defined in any inner product space, we have
the following theorem.

Flgure 7,18
Ifv = projy(v), then
lv =%l < lv—wl| forallw # v

Theorem 1.8

The Best Approximation Theorem

If W is a finite-dimensional subspace of an inner product space V and if vis a vec-
tor in V, then proj (v) is the best approximation to vin W.

Prasf  Let w be a vector in W different from projy(v). Then proj,(v) — w is also
in W, so v — projy{v) = perpy(v) is orthogonal to projy(v) — w, by Exercise 43 in
Section 7.1. Pythagoras’ Theorem now implies that

Iv = proju (I + [[proju (v) — wi = |[(v ~ projy(v)) + (projw(v) ~ w)|’

= v~ wl’
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Section 7.3 Least Squares Approximation

as Figure 7.10 illustrates. However, |projy(v) — w|* > 0, since w # proj,(v), so
Iv = projy(W[* < v = projw (W[* + [[proju (v) — wl = |[v — w]?
or, equivalently,

[v = projw W) < v — w]

N

ks

i
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1 5 3
Letu, = 2,u,=| —2|,andv = | 2 |.Findthebestapproximation to vin the
-1 1 5

plane W = span(u,, u,) and find the Euclidean distance from v to W.

Esiutipn  The vector in W that best approximates v is proj,,{(v). Since u, and u, are
PP Projy 1 2

orthogonal,
. u v u-v
oo = (350 + (e
1 5 3
= 2|+l -2)=|-%
-1 1 :
The distance from v to W is the distance from v to the pointin W closest to v. But this
distance is just |perp,, (V)| = |v ~ proj, (v)]. We compute
3 3 0
voprojy(v) =12 |~ | =i =¥
)L e
$0 v — proju(v)| = V0? :@5;_;?2‘52‘ = \/125;“ = 12/5/5

which is the distance from vto W, 4

In Section 7.5, we will look at other examples of the Best Approximation Theorem
when we explore the problem of approximating functions.

fismark  The orthogonal projection of a vector v onto a subspace W is defined
in terms of an orthogonal basis for W. The Best Approximation Theorem gives us an
alternative proof that projy,(v) does not depend on the choice of this basis, since there
can be only one vector in W that is closest to v—namely, proj (v).

ieast Suuares Aoprpuimatinn

We now turn to the problem of finding a curve that “best fits” a set of data points. Be-
fore we can proceed, however, we need to define what we mean by “best fit” Suppose
the data points (1, 2), (2, 2), and (3, 4) have arisen from measurements taken during
some experiment. Also suppose we have reason to believe that the x and y values are
related by a linear function; that is, we expect the points to lie on some line with equa-
tion y = a + bx. If our measurements were accurate, all three points would satisfy this
equation and we would have

=q+ b1 2=a+b-2 4=a+b-3
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This is a system of three linear equations in two variables:

a+ b=2 11 2
a+2b=2 or 12{Z]= 2
a+3b=4 1 3 4

Unfortunately, this system is inconsistent (since the three points do not lie on a
straight line). So we will settle for a line that comes “as close as possible” to passing
through our points. For any line, we will measure the vertical distance from each data
point to the line (representing the errors in the y-direction), and then we will try to
choose the line that minimizes the total error. Figure 7.11 illustrates the situation.

y
»
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54
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34
(1,2)
2+ . Yo
l{I/ (2,2)
1__ &
} } } t ; ; s
__1__

Figare 1.99
Finding the line that minimizes e} + & + &}

If the errors are denoted by &, €,, and £, then we can form the error vector

We want e to be as small as possible, so |le|| must be as close to zero as possible. Which
norm should we use? It turns out that the familiar Euclidean norm is the best choice.
(The sum norm would also be a sensible choice, since [lell, = |e,| + |&,| + &3] isthe
actual sum of the errors in Figure 7.11. However, the absolute value signs are hard to
work with, and, as you will soon see, the choice of the Euclidean norm leads to some
very nice formulas.) So we are going to minimize

le] = Vel + &3+ &2 or, equivalently, [e]’ = &} + &5 + &}

This is where the term “least squares” comes from: We need to find the smallest sum
of squares, in the sense of the foregoing equation. The number |le] is called the least
squares error of the approximation.
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Section 7.3  Least Squares Approximation

From Figure 7.11, we also obtain the following formulas for ), &,, and &; in our

example:

g=2—~(a+b-1) g,=2—-(a+b-2) gs=4—{(a+b3)

f
b
2o
e
£
sl

o
=

(1,2),(2,2),and (3, 4)?

@ y=1+x
(b) y= —2 + 2x
(c) y=3%+x

Which of the following lines gives the smallest least squares error for the data points

Sgiuiien  Table 7.1 shows the necessary calculations.

y=1l+x y=—-2+2x y=i+x
g, 2-(1+1D= 0 2-(-2+2=2 2-G+ D=3
£ 2-(1+2)=-1 2-(-2+4)=0 2-G+2)= -1
& 4-(1+3)= 0 4-(-2+6)=0 4~ G+3) =3
g+e+el OCFH(D+0P= 1 2+0+00=4 @+ =

el 1

2 Vi=~0816

Flguse 7.12

We see that the line y = 2 + x produces the smallest least squares error among

these three lines. Figure 7.12 shows the data points and all three lines.
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|

It turns out that the line y = % + x in Example 7.24 gives the smallest least squares
error of any line, even though it passes through none of the given points. The rest of
this section is devoted to illustrating why this is so.

In general, suppose we have n data points (x;, 1), ...,
Our error vector is

{(x,»¥o)andaliney =a + bx.

where g; = y; — (@ + bx;). The line y = a + bx that minimizes €] + -+ + &} is called
the least squares approximating line (or the line of best fit) for the points (x;, ;). .. .,
(X, ¥u). As noted prior to Example 7.24, we can express this problem in matrix form. If
the given points were actually on the line y = a + bx, then the n linear equations

a-+bx =y
a +bxn:yﬂ

would all be true (i.e., the system would be consistent). Our interest is in the case
where the points are not collinear, in which case the system is inconsistent. In matrix
form, we have

1 x 4
L xilal 1 »
: u B
1 x, Vi

which is of the form Ax = b, where

I x b4
a=|" x.z,x=[a},b= %
B b :
1 x, n

The error vector e is just b — Ax (check this), and we want to minimize |je|? or, equiv-
alently, |le|. We can therefore rephrase our problem in terms of matrices as follows.

%@?iﬁ; § il IfAisanm X nmatrix and b isin R"™, a least squares solution of
Ax = b is a vector X in R" such that
b — AX| = b — Ax]

forallxin R".
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Section 7.3 Least Squares Approximation

solution of the Least Sguares Probiom

Any vector of the form Ax isin the column space of 4, and as x varies over all vec-
tors in R", Ax varies over all vectors in col(A). A least squares solution of Ax = b is
therefore equivalent to a vector ¥ in col(A) such that

b=yl =1[b-yl

for all y in col(A). In other words, we need the closest vector in col(A) to b. By the
Best Approximation Theorem, the vector we want is the orthogonal projection of b
onto col(A). Thus, if x is a least squares solution of Ax = b, we have

Ax = projcol(A)(b) (1)
In order to find X, it would appear that we need to first compute projy4)(b) and then

solve the system (1). However, there is a better way to proceed.
We know that

b~ Ax=Db— projcol(A)(b) = Perpcol(A)(b)

is orthogonal to col(A). So b — Ax is in (col(A))* = null(A”). Therefore
A"(b — AX) = 0, which, in turn, is equivalent to A"b — ATAX = O or

ATAX = ATb

This represents a system of equations known as the normal equations for X.

We have just established that the solutions of the normal equations for X are pre-
cisely the least squares solutions of Ax = b. This proves the first part of the following
theorem.

Theorem 1.9

The Least Squares Theorem

Let A be an m X n matrix and let b be in R™. Then Ax = b always has at least one
least squares solution X. Moreover:

a. xis aleast squares solution of Ax = b if and only if X is a solution of the normal
equations ATAx = A"b.

b. A haslinearly independent columns ifand only if ATA is invertible. In this case,
the least squares solution of Ax = b is unique and is given by

x=(A")'A"D

#ronf We have already established property (a). For property (b), we note that the
n columns of A are linearly independent if and only if rank(A) = ». But this is true if
and only if A”A is invertible, by Theorem 3.28. If ATA is invertible, then the umque
solution of ATAX = ATb is clearly x = (ATA) 1 ATp. B
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Use the QR factorization to find a least squares solution of Ax = b, where

1 2 2 2
-1 1 2 -3
A= and b=
-1 0 1 -2
1 1 2 0

Solutios  From Example 5.15,

1/2 3V5/10 -V6/6

2 1 1/2
| -1/2 3V5/10 0
AZQR=N 1 VEo Ve g \/(5; 3\/\%2
172 V5/10  V6/3
We have
VR VRS VR VoI | 7/2
Qb =|3V5/10 3V5/10 V5/10 V5/10|| i =| ~V5/2
-V6/6 0 V6/6  V6/3 0 -2V6/3
so we require the solution to Rx = Qb, or
2 1 1/2 7/2
0 V5 3V5/2(x=| —-V5/2
0 0 Ve -2V6/3
Back substitution quickly yields
4/3
x=| 3/2
—4/3

4
-
Drifooenal Projection Bevisited

One of the nice byproducts of the least squares method is a new formula for the or-
thogonal projection of a vector onto a subspace of R™.

Theorem 1.11

Let W be a subspace of R™ and let A be an m X n matrix whose columns form a
basis for W. If v is any vector in R, then the orthogonal projection of v onto W
is the vector

projy (v) = A(ATA)'ATv

The linear transformation P : R™ — R that projects R™ onto W has A(AT4) 'AT
as its standard matrix.

Proef  Given the way we have constructed A4, its column space is W. Since the
columns of A are linearly independent, the Least Squares Theorem guarantees that
there is a unique least squares solution to Ax = v given by

x = (ATA) ATy
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By Equation (1),
AX = proje)(v) = projy(v)
Therefore, projy(v) = A((ATA) 'ATv) = (A(ATA) 'AT)v

as required. Since this equation holds for all vin R™, the last statement of the theorem
follows immediately. #

We will illustrate Theorem 7.11 by revisiting Example 5.11.

Enample 7.31 3
Find the orthogonal projection of v = | —1 | onto the plane W in R* with equation
5 2
v

x ~ ¥ + 2z = 0, and give the standard matrix of the orthogonal projection transfor-
mation onto W,

Sofuilon  Asin Example 5.11, we will take as a basis for W the set

1 -1
14, 1
0] 1
We form the matrix
(1 —1
A=11 1
0 1

0 2.0
ATA = 1 =
-1 1 1 0 3
0
.-
. ; 0
50 ATA) =2
A {o J
By Theorem 7.11, the standard matrix of the orthogonal projection transformation
onto W is
L % }7 _%
" ; O 1 1 0
AATAY 'AT=A=]1 1 {2 ‘H }: e
0 sil—-1 1 1 L1 1
0 1 B
so the orthogonal projection of v onto W is
2L 3] T
projy(v) = A(ATA) AV =] + 2 th-1|=| 1}
—L Ll -2
3133 3
which agrees with our solution to Example 5.11. A

e
x
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Bzmark  Since the projection of a vector onto a subspace W is unique, the stan-
dard matrix of this linear transformation (as given by Theorem 7.11) cannot depend
on the choice of basis for W. In other words, with a different basis for W, we have a
different matrix A, but the matrix A(ATA) 'AT will be the same! (You are asked to
verify this in Exercise 43.)

The Pssudolnverse of 2 Malrix

If A isan n X n matrix with linearly independent columns, then it is invertible, and
the unique solution to Ax = bisx = A™'b. If m > nand A is m X n with linearly
independent columns, then Ax = b has no exact solution, but the best approximation
is given by the unique least squares solution X = (A"A) 'A”b. The matrix (A TA) AT
therefore plays the role of an “inverse of A” in this situation.

Befinition  If A is a matrix with linearly independent columns, then the

A+ = (ATA)-IAT

Observe thatif Aism X n, then A™ is n X m.

11
Find the pseudoinverseof A = | 1 2 |.
13

Sgiution  We have already done most of the calculations in Example 7.26. Using our
previous work, we have

A+=(ATA)“AT={ : ﬂHl : 1}={ P _ﬂ
1 ]
-1 st 203 -3 0 5 A

The pseudoinverse is a convenient shorthand notation for some of the con-
cepts we have been exploring. For example, if A is m X n with linearly independent
columns, the least squares solution of Ax = b is given by

x=A"b
and the standard matrix of the orthogonal projection P from R™ onto col(A) is
[P] = AA™

If A is actually a square matrix, then it is easy to show that A* = A~ (see
Exercise 53). In this case, the least squares solution of Ax = b is the exact solution,
since

x=A'b=A"b=x
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The projection matrix becomes [P] = AA" = AA™' = I (What is the geometric
interpretation of this equality?)

Theorem 7.12 summarizes the key properties of the pseudoinverse of a matrix.
(Before reading the proof of this theorem, verify these properties for the matrix in
Example 7.32.)

Theorem 1.12

S—

Let A be a matrix with linearly independent columns. Then the pseudoinverse
A" of A satisfies the following properties, called the Penrose conditions for A:

a. AATA=A
b. ATAAY = A"
c. AA" and A" A are symmetric.

Froel  We prove condition (a) and half of condition (c) and leave the proofs of the
remaining conditions as Exercises 54 and 55.

(a) We compute
AATA = A((A"A)'ANA
= A(ATA)7'(A7A)
=Al= A

(c) By Theorem 3.4, A"A is symmetric. Therefore, (ATA) ™" is also symmetric, by
Exercise 46 in Section 3.3. Taking the transpose of AA ™", we have

(AAT)T = (A(ATA) AT
= (ADT((ATA))TAT
= A(ATA)7'AT
= AAY

t

Exercise 56 explores further properties of the pseudoinverse. In the next section,
we will see how to extend the definition of A™ to handle all matrices, whether or not
the columns of A are linearly independent.

Busmnsnioas " 0
| EHETLISEE 1.9
sy

In Exercises 1-3, consider the data points (1, 0), (2, 1), and
(3, 5). Compute the least squares error for the given line.
In each case, plot the points and the line.

Ly= -2+ 2x 2.y=x 3.y=—-3+ix
In Exercises 4-6, consider the data points (—5, 3), (0, 3),
(5, 2), and (10, 0). Compute the least squares error for the
given line. In each case, plot the points and the line.

4.y =3 —ix 5.y=:§ 6.y =2—ix

In Exercises 7-14, find the least squares approximating line
for the given points and compute the corresponding least
squares error.

7.(1,0),(2,1), (3,5)
8.(1,6),(2,3), (3, 1)
9. (0,4),(1,1),(2,0)

10. (0, 3), (1, 3), (2, 5)

11. (=5, —1),(0, 1), (5,2), (10, 4)



