Chapter 3 Matrices

Figure 3,18
A 60° rotation

rotation, while a negative angle is clockwise.) Since cos 60° = 1/2 and sin 60° =

V/3/2, we compute
R { 2}_{cos60° -—sin60"M 2]_{ 1/2 —\/3/2” z}
1] |sin60°  cos60°]—1] |[V3/2 1/2]1 1
B (2+\/§)/2}
lev3 -2

Thus, the image of the point (2, —1) under this rotation is the point ((2 + \/:’;)/ 2,
(2V3 — 1)/2) =~ (1.87, 1.23), as shown in Figure 3.10.

trample 3.58

Hygure 311
A projection

(a) Show that the transformation P : R* — R? that projects a point onto the x-axis is
a linear transformation and find its standard matrix.

(b) More generally, if ¢ is a line through the origin in R?, show that the transforma-
tion P, : R* — R? that projects a point onto { is a linear transformation and find its
standard matrix.

Sslulisz  (a) As Figure 3.11 shows, P sends the point (x, y) to the point (x, 0). Thus,

X X 1 0 1 0iix
o] =[] = o el = s o)l
¥ 0 0 0 0 0ly
It follows that P is a matrix transformation (and hence a linear transformation) with

1 0
standard matrix [ } .
0 0

(b) Let the line € have direction vector d and let v be an arbitrary vector. Then P is
given by proj4(v), the projection of v onto d, which you'll recall from Section 1.2 has
the formula

d-v
i = ] e d
projg(v) (d - d>
Thus, to show that P, is linear, we proceed as follows:

Plu+v) = d(:j; V"))d

du+dv
- (“}IT‘)“
. d-
- (—{l-—d—>d + -~—Z>d = P((u) + P((v)

Similarly, P{(cv) = cP{v) for any scalar ¢ (Exercise 52). Hence, P is a linear
transformation.
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d
To findthe standard matrix of P, we apply Theorem 3.31. Ifweletd = {dl }, then
2

d-e, d, 'dl} 1 { d? }
P, = = DI e
e (d~d)d di + d2ld,|  d} + d3|dd,

_ d-ez . dz —dl} - 1 {dld2:|
and Peles) = (d'd)d Cdi+dild, 4 :

Thus, the standard matrix of the projection is

1 { d} d,dz} _ [ dij(dl +d}) dd,/(d} + d%)]
di + dildd, d3 dd,/(d} + db)  di/(d} + d3)

As a check, note that in part (a) we could take d = e, as a direction vector for the

' 1 0 !
x-axis. Therefore, d, = 1 and d, = 0, and we obtain A = [ jl as before. et

Hew Linear Transiormatious fvom Ol

IfT:R"— R"and §: R" — R are linear transformations, then we may follow T by
S to form the composition of the two transformations, denoted S o T. Notice that, in
order for S ° T to make sense, the codomain of T and the domain of § must match
(in this case, they are both R") and the resulting composite transformation S ¢ T goes
from the domain of T to the codomain of § (in this case, So T: R™ — R¥). Figure 3.12
shows schematically how this composition works. The formal definition of composi-
tion of transformations is taken directly from this figure and is the same as the cor-
responding definition of composition of ordinary functions:

(S T)y) = S(T(v))

Of course, we would like § ° T to be a linear transformation too, and happily we
find that it is. We can demonstrate this by showing that § o T satisfies the definition of
a linear transformation (which we will do in Chapter 6), but, since for the time being
we are assuming that linear transformations and matrix transformations are the same
thing, it isenough to show that S T is a matrix transformation. We will use the nota-
tion [T} for the standard matrix of a linear transformation T.

The composition of transformations



... that sprightly Scot of Scots, Douglas,
that runs a-horseback up a hill
per pendicular—
—William Shakespeare
Henry 1V, Part I
Act 11, Scene IV

Figure 5.1
Shadows on a wall are projections

Bt

Orthogonality

5.0 Iniroduction: Shadows on a Wall

In this chapter, we will extend the notion of orthogonal projection that we encoun-
tered first in Chapter 1 and then again in Chapter 3. Until now, we have discussed
only projection onto a single vector (or, equivalently, the one-dimensional subspace
spanned by that vector). In this section, we will see if we can find the analogous for-
mulas for projection onto a plane in R’. Figure 5.1 shows what happens, for example,
when parallel light rays create a shadow on a wall. A similar process occurs when a
three-dimensional object is displayed on a two-dimensional screen, such as a com-
puter monitor. Later in this chapter, we will consider these ideas in full generality.

To begin, let’s take another look at what we already know about projections. In
Section 3.6, we showed that, in R?, the standard matrix of a projection onto the line

\ d
through the origin with direction vector d = { dl} is

, 1 { d? d,dz} ~ { A + d2)  dydy/(d? + dg)}

Tdltdildd, 42 |ddf@+dd) i+ dd
Hence, the projection of the vector v onto this line is just Pv.

Probiem 1 Show that P can be written in the equivalent form

3 [ cos’6  cos@ sin@}
cos0 sinf sin%6

(What does 6 represent here?)
Probigm 7 Show that P can also be written in the form P = uu’, where u is a unit
vector in the direction of d. 3
Pratiem 3 Using Problem 2, find P and then find the projection of v = { }
onto the lines with the following unit direction vectors: -

(a) u= [j{/\(/ii} (b) u = E} () u= [*i

Probiem: & Using the form P = uu’, show that (a) PT = P (ie, Pis symmetric)
and (b) P* = P (i.e., P is idempotent).
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Frobiwm § Explain why, if Pisa 2 X 2 projection matrix, the line onto which it
projects vectors is the column space of P.

Now we will move into R® and consider projections onto planes through the
origin. We will explore several approaches.

Figure 5.2 shows one way to proceed. If % is a plane through the origin in R® with
normal vector n and if v is a vector in R?, then p = projy (v) is a vector in % such that
v — cn = p for some scalar c.

=

S
|
o
=

Figurs 5.2

Projection onto a plane

sitem B Using the fact that n is orthogonal to every vector in @, solve
v — cn = p for ¢ to find an expression for p in terms of v and n.
Piw ¥ Use the method of Problem 6 to find the projection of
1
v = 0
-2

onto the planes with the following equations:

(@x+y+tz=0 Bx—22=0 (c)2x—3y+z=0

Another approach to the problem of finding the projection of a vector onto a
plane is suggested by Figure 5.3. We can decompose the projection of v onto ® into
the sum of its projections onto the direction vectors for . This works only if the
direction vectors are orthogonal unit vectors. Accordingly, let u, and u, be direction
vectors for % with the property that

ol = flu, =1 and w-u, =0

P

Fluwrs 5.8
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By Problem 2, the projections of v onto u; and u, are
p = wuv and p, = wuv

respectively. To show that p, + p, gives the projection of v onto P, we need to show
that v — (p, + p,) is orthogonal to P. It is enough to show that v — (p, + p,) is
orthogonal to both u, and u,. (Why?)

Froblem 8 Show that u;- (v — (p; + p;)) = Oand u,- (v — (p; + p;)) = 0. [Hint:
Use the alternative form of the dot product, x"y = x-y, together with the fact that u,
and u, are orthogonal unit vectors.]

It follows from Problem 8 and the comments preceding it that the matrix of the
projection onto the subspace % of R’ spanned by orthogonal unit vectors u, and u, is

P = wu! + wul (1)

probiizm % Repeat Problem 7, using the formula for P given by Equation (1).
Use the same v and use u; and u,, as indicated below. (First, verify that u, and u, are
orthogonal unit vectors in the given plane.)

-2/V6 0
(@ x+y+z=0withu, =| 1/V6|andu,=| 1/V2
1/Ve -1/V2
2/V5 0
(b) x—2z=0withuy;,=| 0 Jandu,= |1
1/V5 0
1/V3 2/V6
() 2x—3y+z=0withw, = | —1/V3 |andu, = | 1/V6
1/V3 -1/Ve6

% Show that a projection matrix given by Equation (1) satisfies proper-
ties (a) and (b) of Problem 4.

Prafigm 71 Show that the matrix P of a projection onto a plane in R can be
expressed as

P = AAT

for some 3 X 2 matrix A. [Hint: Show that Equation (1) is an outer product expansion.]

probiem 12 Show that if P is the matrix of a projection onto a plane in R’ then
rank(P) = 2,

In this chapter, we will look at the concepts of orthogonality and orthogonal pro-
jection in greater detail. We will see that the ideas introduced in this section can be
generalized and that they have many important applications.

Orthogonality in R”

In this section, we will generalize the notion of orthogonality of vectors in R" from
two vectors to sets of vectors. In doing so, we will see that two properties make the
standard basis {e;, e,, . . ., e,} of R" easy to work with: First, any two distinct vectors in
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thesetare orthogonal. Second, each vector in the set is a unit vector. These two prop-
erties lead us to the notion of orthogonal bases and orthonormal bases—concepts that
we will be able to fruitfully apply to a variety of applications.

Brthosenal sad Grihonormal Sois of Vector

&%

Delinilion A setof vectors {v;, vy, ..., v} in R" is called an orthogonal set if
all pairs of distinct vectors in the set are orthogonal—that is, if

vi*v; =0 whenever i#j fori,j=12...,k

The standard basis {e;, e,, .. ., e,} of R" is an orthogonal set, as is any subset of it. As
the first example illustrates, there are many other possibilities.

v

A n orthogonal set of vectors

Show that {v}, v,, v3} is an orthogonal set in R* if

2 0 1
v, = T, =11} vy=]—1
-1 1 1

i We must show that every pair of vectors from this set is orthogonal. This
is true, since

2(0) + 1(1) + (=1)( ):

0(1) + 1(=1 + (D) =

vitvy =200 + (-1 + (=D ) =

il

Vit v,

il

Va' V¥,

Geometrically, the vectors in Example 5.1 are mutually perpendicular, as
Figure 5.4 shows.

i

P

One of the main advantages of working with orthogonal sets of vectors is that
they are necessarily linearly independent, as Theorem 5.1 shows.

Theorem 5.1

If {v), vy, ..., v,} is an orthogonal set of nonzero vectors in R”, then these vectors
are linearly independent.

Prast Ifc), ..., ¢ arescalars such that ¢yvy + -+ + cpv, = 0, then
vy + -+ qv) v, =0y, =0
or, equivalently,
Gvi=v) + - glviv) + o+ glvov) =0 N

Since {v}, v, ..., v} is an orthogonal set, all of the dot products in Equation (1)
are zero, except v;- v;. Thus, Equation (1) reduces to

clviev) =0
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Now, v;+v; # 0 because v; # 0 by hypothesis. So we must have ¢; = 0. The fact that
thisis true foralli = 1,..., kimplies that {v, v,, ..., v;} is a linearly independent set.

#emark  Thanks to Theorem 5.1, we know that if a set of vectors is orthogonal, it
is automatically linearly independent. For example, we can immediately deduce that
the three vectors in Example 5.1 are linearly independent. Contrast this approach
with the work needed to establish their linear independence directly!

Bofinilion  Anorthogonal basis for a subspace W of R” is a basis of W that is
an orthogonal set.

Examuiz 8.7 The vectors

2 0 1
% VI - 1 > VZ = 1 > V3 - - 1
-1 1 1

from Example 5.1 are orthogonal and, hence, linearly independent. Since any three
linearly independent vectors in R® form a basis for R?, by the Fundamental Theorem
of Invertible Matrices, it follows that {v,, v, v3} is an orthogonal basis for R®. 4

fgmark  In Example 5.2, suppose only the orthogonal vectors v, and v, were
given and you were asked to find a third vector v; to make {v;, v;, v} an orthogonal
basis for R*. One way to do this is to remember that in R?, the cross product of two
vectors v; and v, is orthogonal to each of them. (See Exploration: The Cross Product
in Chapter 1.) Hence we may take

2 0 2
v,=v,Xv=| L|X]|1]|=]|=2
-1 1 2

Note that the resulting vector is a multiple of the vector v; in Example 5.2, as it must be.

..................... ST Y

x
? W = yiix—y+2z=0
z

Splution  Section 5.3 gives a general procedure for problems of this sort. For now,
we will find the orthogonal basis by brute force. The subspace W is a plane through
the origin in R®. From the equation of the plane, we have x = y — 2z, so W consists
of vectors of the form

y =2z 1 -2
y =y 1]+z 0
z 0 1
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1 -2
[tfollows thatu = | 1 |andv = | 0 [area basis for W, but they are not orthogo-
0 1

nal. It suffices to find another nonzero vector in W that is orthogonal to either one of
these.

X
Supposew = | y | is a vector in W that is orthogonal to u. Thenx — y + 2z = ,
z
since w is in the plane W. Since u - w = 0, we also have x + y = 0. Solving the linear
system
x—y+2z2=20
x+y =0

we find that x = —z and y = z. (Check this.) Thus, any nonzero vector w of the form

will do. To be specific, we could take w = 1 |. It is easy to check that {u, w} is an

1
orthogonal set in W and, hence, an orthogonal basis for W, since dim W = 2. 4

4
!

Another advantage of working with an orthogonal basis is that the coordinates of
a vector with respect to such a basis are easy to compute. Indeed, there is a formula
for these coordinates, as the following theorem establishes.

_ Theorem 5.2

Let {v}, vy, ..., v;} be an orthogonal basis for a subspace W of R" and let w be any
vector in W. Then the unique scalars ¢, . .., ¢; such that

W=Vt o

are given by

WV,
G = fori=1,...,k
1 : 1
Frant  Since {v), V5, ..., vy} is a basis for W, we know that there are unique scalars
€y - .., ¢ such that w = ¢;v; + -+ + v, (from Theorem 3.29). To establish the

formula for ¢;, we take the dot product of this linear combination with v, to obtain
wev, = (v, + ot )

= vy v) + ok glviev) o glveev)

v v)

il

since v;- v; = 0 for j # i Since v; # 0, v;- v; # 0. Dividing by v; - v,, we obtain the
desired result. #
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Example 5.4 1
Find the coordinates of w = | 2 | with respect to the orthogonal basis B = {vi, vy vs}
‘; of Examples 5.1 and 5.2. 3

§elution  Using Theorem 5.2, we compute

w'yy, 2+2-3 1
C; = - T
"virvp 44141 6
w'v, 0+2+3 5
Cy = o= T e
vy, 04141 2
wrvy 1-2+43 z
& vyrv,; 1+1+1 3

Thus,
2
w =V, v, vy = %v, + %vz + 3V

g (Check this.) With the notation introduced in Section 3.5, we can also write the above
equation as

wlg =

WD B Oy e

Compare the procedure in Example 5.4 with the work required to find these
coordinates directly and you should start to appreciate the value of orthogonal bases.

As noted at the beginning of this section, the other property of the standard basis
in R" is that each standard basis vector is a unit vector. Combining this property with
orthogonality, we have the following definition.

Definilion A setof vectorsin R" isan orthonormal set if it is an orthogonal

set of unit vectors. An orthonormal basis for a subspace W of R" is a basis of W
that is an orthonormal set.

Bemart IfS = {q),...,qy is an orthonormal set of vectors, then q;- q; = 0 for
i # jand |lq;] = 1. The fact that each g; is a unit vector is equivalent to ¢;- q; = 1.
It follows that we can summarize the statement that S is orthonormal as

. _{o ifi#
W71 =

Exsmple 5.5 Showthat S = {q,, g} is an orthonormal set in R’ if

1/V3 1/Ve

q=|-1/V3| and q, = 2/V6
1/V3 1/Ve

k-
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gulutisn We check that
q-q=1/VI8 - 2/Vi8 + 1/VIi8 =0
q-q=1/3+1/3+1/3=1
Q- q=1/6+4/6+1/6=1 N

i

If we have an orthogonal set, we can easily obtain an orthonormal set from it: We
simply normalize each vector.

B S -

Construct an orthonormal basis for R’ from the vectors in Example 5.1.

a8 Since we already know that v;, v,, and v; are an orthogonal basis, we nor-
malize them to get

| . M2 2/V6
Q=g A L= 1/Ve
vl \/6-”‘1 ~1/V6
| . K 0
Q= v, = =1 =|1/V2
vl V2 0 Lva
| | 1 1/V3
QG = v == —~1 =] -1/V3
ARV I I RV
Then {q, q,, g5} is an orthonormal basis for R*. &

Since any orthonormal set of vectors is, in particular, orthogonal, it is linearly in-
dependent, by Theorem 5.1. If we have an orthonormal basis, Theorem 5.2 becomes
even simpler.

Theorem 5.3

Let {q), q,, . . . , qi} be an orthonormal basis for a subspace W of R" and let w be
any vector in W. Then

w=(w-q)q + (Ww-q)q + -+ (w-qlq

and this representation is unique.

Frand

Apply Theorem 5.2 and use the factthatq;-q; = 1 fori= L, ..., k.

Matrices whose columns form an orthonormal set arise frequently in applications, as
you will see in Section 5.5. Such matrices have several attractive properties, which we
now examine.
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Theorem 5.4  The columns of an m X n matrix Q form an orthonormal set if and only if
Q'Q=1,

#rouf We need to show that
0 ifi#j
T —
(@Q, {1 ifi =j
Let q; denote the ith column of Q (and, hence, the ith row of Q7). Since the (i, i)
entry of QTQ is the dot product of the ith row of QT and the jth column of Q, it
follows that

(QTQ)ij =4q;°q; (2)

by the definition of matrix multiplication.
Now the columns Q form an orthonormal set if and only if

. _{o ifi # j
VY= =

which, by Equation (2), holds if and only if
0 ifi#j
T ==

(Q'Q), {1 s
Orthogonal matrix is an unfortu- This completes the proof.
nate bit of terminology. “Ortho-
normal matrix” would clearly be a
better term, but it is not standard.
Moreover, there is no term for a
nonsquare matrix with orthonor- Befinfliion  An n X n matrix Q whose columns form an orthonormal set is
mal columns. called an orthogonal matrix.

If the matrix Q in Theorem 5.4 is a square matrix, it has a special name.

The most important fact about orthogonal matrices is given by the next theorem.

Theorem 5.5 A square matrix Q is orthogonal if and only if Q™' = Q.

Preasf By Theorem 5.4, Q is orthogonal if and only if QTQ = I This is true if and
only if Q is invertible and Q™' = Q', by Theorem 3.13.

i

......... [ . [P oy

Show that the following matrices are orthogonal and find their inverses:

B

0 1 0
cosf —sinf
A=10 0 1 and B=| .
sin @ cosf
1 0 0

$ulutian  The columns of A are just the standard basis vectors for R®, which are
clearly orthonormal. Hence, A is orthogonal and
0 0 1

A'=AT=11 0 0

01 0



The word isoi2:ry literally means
“length preserving,” since it is

derived from the Greek roots isos
(“equal”) and metron (“measure”).
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For B, we check directly that
BB = [ cos@ sin 0} {cos 6 -—sinh
—sinf cos@||sinf cos 0
B { cos? @ + sin% 0 -*cosBsinBJrsin(?cosO] B [1 0} g
—sin @ cos § + cos 9 sin 0 sin @ + cos’ 0 0 1
Therefore, B is orthogonal, by Theorem 5.5, and
Bl pr | 8 6 sin 9}
—sinf cosO A
P

Bemark  Matrix A in Example 5.7 is an example of a permutation matrix, a matrix
obtained by permuting the columns of an identity matrix. In general, any n X n per-
mutation matrix is orthogonal (see Exercise 25). Matrix B is the matrix of a rotation
through the angle 8 in R?. Any rotation has the property that it is a length-preserving
transformation (known as an isometry in geometry). The next theorem shows that
every orthogonal matrix transformation is an isometry. Orthogonal matrices also
preserve dot products. In fact, orthogonal matrices are characterized by either one of
these properties.

Theorem 5.6

Let Q be an n X n matrix. The following statements are equivalent:

a. Qisorthogonal
b. JQxll =lIxll for every xin R".
¢ Qx-Qy=1x-y foreveryxandyinR"

Pruul We will prove that (a) = (c) = (b) = (a). To do so, we will need to make use
of the fact that if x and y are (column) vectors in R”, then x-y = x"y.

(a) = (c) Assume that Q is orthogonal. Then QTQ = I, and we have
Qx-Qy = (Q¥'Qy = x'Q'Qy = x"Iy =x"y = x-y
(c) = (b) Assume that Qx - Qy = x -y for every x and y in R". Then, taking y = x,

(b) = (a) Assume that property (b) holds and let q; denote the ith column of Q.
Using Exercise 63 in Section 1.2 and property (b), we have

xvy = i(lx +yl* = x — yl")
=il + p? - ek - I’
= s(lQx + Qy|* — flex - Qv
Qx-Qy
for all x and y in R". [This shows that (b) => (c).]
Now ife;is the ith standard basis vector, then q; = Qe;. Consequently,

il

0 ifi#j
q;°q; = Qe;*Qe; = ¢;-¢; = 1 ifi=j

Thus, the columns of Q form an orthonormal set, so Q is an orthogonal matrix.
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Looking at the orthogonal matrices A and B in Example 5.7, you may notice that
not only do their columns form orthonormal sets—so do their rows. In fact, every
orthogonal matrix has this property, as the next theorem shows.

Theorem 5.1

If Q is an orthogonal matrix, then its rows form an orthonormal set.

Progf  From Theorem 5.5, we know that Q™! = QT. Therefore,
@ '=@H1'=Q=(Q)"

so QT is an orthogonal matrix. Thus, the columns of Q"—which are just the rows of
Q—form an orthonormal set. '

The final theorem in this section lists some other properties of orthogonal
matrices.

Theorem 5.8

Let Q be an orthogonal matrix.

a. Q7'isorthogonal.

b. detQ = 1

c¢. If Aisan eigenvalue of Q, then |A| = L.

d. If Q, and Q, are orthogonal n X n matrices, then so is Q,Q,.

srosf  We will prove property (¢) and leave the proofs of the remaining properties
as exercises.

(c) Let A be an eigenvalue of Q with corresponding eigenvector v. Then Qv = Av,
and, using Theorem 5.6(b), we have

Ivll = flQvll = vl = |Al[v]
Since ||v]| # 0, this implies that [A| = L

O —
Remaik  Property (c) holds even for complex eigenvalues. The matrix [1 O}

is orthogonal with eigenvalues i and —i, both of which have absolute value 1.

In Exercises 1-6, determine which sets of vectors are T2 270 [ 47
orthogonal. 3 1 —6
(=37 (2] 1 4] =17 [2] S0 IR 13 P )
L] 114l -1 2.0 2,1 2|1 4] o] L 7.
20 L)L 2 =5 ] 04 L2 T 1T r-177r11r o
3] (-1]T 2 51 [ 1} [ 3] 6| O 0| |1}]-1
30 1| 22| 43| |2 1 =1 e
-1J] L 1 4 1)L 14 L—-1] L 1L 2] Lo L 1
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u ]

ey
[

i ;
RETANL)

projll(v) + Pe"Pn(V)

g

4

i

\'E

Therefore, by Theorem 5.10, W* = (col(A))" = null(AT), and we may proceed as in
the previous example. We compute

1 -3 5 0 5|0 1 0 0 3 4]0
[ATjo}=]-1 1 2 -2 3lo]l— 0 1 0 1 3|0
0 -1 4 -1 510 0 01 0 20

Hence, yis in W* if and only if y; = =3y, — 4y5, ¥, = —¥, — 3ys,and y; = —2y5. It
follows that

—3Ys — 4y -3 —4

Ve 35 —1 -3

Wt = ~2y5 = span 0/,]~2
Ya 1 0

Vs 0 1

and these two vectors form a basis for W'.

[ G

frthooonal Projections

Recall that, in R, the projection of a vector v onto a nonzero vector u is given by

proj,(v) = <5’%~E>u

Furthermore, the vector perp,(v) = v — proj,(v) is orthogonal to proj,(v), and we
can decompose v as

v = proj(v) + perp,(v)

as shown in Figure 5.7.

Ifwelet W = span(u), then w = proj,(v)isin Wand w" = perp,(v)isin W*. We
therefore have a way of “decomposing” v into the sum of two vectors, one from W and
the other orthogonal to W—namely, v = w + w”. We now generalize this idea to R".

i Let W be a subspace of R" and let {u,, . . ., u;} be an orthogonal
basis for W. For any vector v in R", the orthogonal projection of v onto W is

defined as
. u, v v
1ojylv) = u, + -+ u
P JW( ) (“1'“1> 1 (“k'uk> *

The component of v orthogonal to W is the vector

perpy (v) = v — proj, (v)

Each summand in the definition of projy(v) is also a projection onto a single vec-
tor (or, equivalently, the one-dimensional subspace spanned by it—in our previous
sense). Therefore, with the notation of the preceding definition, we can write

projy{v) = proj, (v) + - -+ + proj, (v)
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Figure 5.8
pP=p1TP;

Since the vectors u; are orthogonal, the orthogonal projection of v onto W is the sum
of its projections onto one-dimensional subspaces that are mutually orthogonal. Fig-
ure 5.8 illustrates this situation with W = span(uy, u,), p = projy(v), p; = proj, (v),
and p, = proj, (v).

As a special case of the definition of projy/(v), we now also have a nice geometric
interpretation of Theorem 5.2. In terms of our present notation and terminology,
that theorem states that if w is in the subspace W of R", which has orthogonal basis

{vi, ¥a ..., Vi), then
W'V‘ W'Vk
= V) R & Vi
v, 'V, Vit Vg

= proj, (w) + -+ + proj,(w)

Thus, w is decomposed into a sum of orthogonal projections onto mutually orthogo-
nal one-dimensional subspaces of W.

The definition above seems to depend on the choice of orthogonal basis; that is,
a different basis {u], ..., uj} for W would appear to give a “different” projy(v) and
perpy (v). Fortunately, this is not the case, as we will soon prove. For now, let's be
content with an example.

Example 5.11 | 3
% Let W be the plane in R® with equation x — y + 2z = 0,and letv = | —1 |. Find the
¥ 2

orthogonal projection of v onto W and the component of v orthogonal to W.

$elution  In Example 5.3, we found an orthogonal basis for W. Taking

1 -1

wy=|1] and u, = 1

0 1

we have - v=2 urve= -2

wu, =2 wruy, = 3
1 1 2 2
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Therefore,
: lll \4 ll2 7
= +
proju(¥) (“1 u, )ul (“2 : “z>u2
1 (1 2
=41 -3 1= }
0 ! -1
) (5] [ ¢
and perpy(v) = v — proj,(v) = | =1 | —| 1|=|-%
2] L3 :

It is easy to see that projy, (v} is in W, since it satisfies the equation of the plane. It
is equally easy to see that perpy, (v) is orthogonal to W, since it is a scalar multiple of
1
the normal vector | —1 | to W. (See Figure 5.9.)

2

T perpw(v)

Flours 5.9

v = projy (v} + perpyy(v) &
|
1

The next theorem shows that we can always find a decomposition of a vector with
respect to a subspace and its orthogonal complement.

Theorem 5.11  The Orthogonal Decomposition Theorem

Let W be a subspace of R" and let v be a vector in R". Then there are unique
vectors win W and w* in W* such that

v=w+ w

Frosf  We need to show two things: that such a decomposition exists and that it is
unique.

To show existence, we choose an orthogonal basis {u;, . . ., u} for W. Let
w = projy (v) and let wh = perpy(v). Then

w + w' = projy(v) + perpy(v) = proj,(v) + (v — projy(v)) = v
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Weneed three orthonormal eigenvectors. First, we apply the Gram-Schmidt Process to

S 1
0| and 1
L 1] L 0J
1 F 1
to obtain 0| and 1
L 1 =
-1
The new vector, which has been constructed to be orthogonalto | 0 |,is still in E,
1
1
(why?) and so is orthogonal to | 1 |. Thus, we have three mutually orthogonal
1

vectors, and all we need to do is normalize them and construct a matrix Q with these
vectors as its columns. We find that

1/V3 -1/V2 -1/Veé
Q=|1/V3 0 2/V6
1/vV3  1/V2 —1/Ve

and it is straightforward to verify that

4 0 0
QAQ=10 1 0
0 0 1 I

i

The Spectral Theorem allows us to write a real symmetric matrix A in the form
A = QDQT, where Q is orthogonal and D is diagonal. The diagonal entries of D
are just the eigenvalues of A, and if the columns of Q are the orthonormal vectors

Qi - - - » q,» then, using the column-row representation of the product, we have
Ao 0l gl
A=QDQ"=[q - qJ| 1 . ]
0 - AdLql
qa
= [Aq - AuQ,] .
a

= )\ﬂhq}' + Az‘lzq{ + ot /\nqnqz

This is called the spectral decomposition of A, Each of the terms X,9;q7 is arank 1
matrix, by Exercise 62 in Section 3.5, and q,q; is actually the matrix of the projec-
tion onto the subspace spanned by q;. (See Exercise 25.) For this reason, the spectral
decomposition

A= Mgqq] + Mqq + 0+ Aq.9,

is sometimes referred to as the projection form of the Spectral Theorem.
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USRS

Find the spectral decomposition of the matrix A from Example 5.18.

Spiulien  From Example 5.18, we have:

A = A4, A= 1 Ay =1
1/V3 -1/V2 -1/V6
qQ=|1/V3| q= 0 y Q= 2/Ve
1/V3 1/V2 -1/V6
Therefore,
f1/V3 1/3 1/3 1/3
aq] = | 1/V3|[1/V3 1/V3 1/V3]=|1/3 1/3 1/3
L1/V3 1/3 1/3 1/3
[—1/V72] 1/2 0 —1/2
q.q; = 0 {[-1/V2Z 0 1/VZ]=| o0 0 o0
L 1/V2 ] -1/2 0 1/2
[ —1/V6] 1/6 —1/3  1/6
el = 2/Vel[—-1/Ve 2/Ve —1/V6]=]|~1/3 2/3 -1/3
L ~1/V6 ] 1/6 —1/3 1/6
SO
A= /\1(11‘13. + Azﬂz‘lg + Aa‘ls‘]:{
11 1 0 L 1 _1 1
3 3 3 2 2 6 3 6
=43 5 5[+ 00 0|+|-3 § -3
Lol L g 1 TR T |
3 3 3 2 2 G 3 6

which can be easily verified.

In this example, A, = A;, so we could combine the last two terms A,q,q} + A3qsq;
to get

|
!

L N N

|

!

Rl o W

i

e N N

The rank 2 matrix q,q; + qsq; is the matrix of a projection onto the two-dimensional
subspace (i.e., the plane) spanned by q, and q;. (See Exercise 26.)

[

Observe that the spectral decomposition expresses a symmetric matrix A explic-
itly in terms of its eigenvalues and eigenvectors. This gives us a way of constructing a
matrix with given eigenvalues and (orthonormal) eigenvectors.

LEam

’&%JQ

s

-

F R

v

Finda2 X 2 matrix with eigenvalues A, = 3and A, = —2and corresponding eigenvectors

o[ e[
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Spluliss  We begin by normalizing the vectors to obtain an orthonormal basis

{q1, q,}, with
3 3
e ff] e a7
5 5

Now, we compute the matrix A whose spectral decomposition is

A= Mqq] + X997

3 4
EHEEEE IS
5 5
2 12 16 _12
o SRR
5 25 25 25
~1 1z
i
2 o6
5 5
m—= It is easy to check that A has the desired properties. (Do this.) 4
?%ﬁ%?éﬁé%g%% 9.4
i
¥
Orthogonally diagonalize the matrices in Exercises 1-10 ) i la b
by finding an orthogonal matrix Q and a diagonal 11.1f b # 0, orthogonally diagonalize A = | =
matrix D such that QTAQ = D. i
i i a b
LA= 4 1] 2 A= -1 3} 12. If b # 0, orthogonally diagonalizeA = |0 a 0
L1 4 L 3 -1 b 0
= 1 V2 A= 9 =2 13. Let A and B be orthogonally diagonalizable n X n
3.4= V2 0 4.4= -2 6 matrices and let ¢ be a scalar. Use the Spectral
Theorem to prove that the following matrices are
5 0 0 "2 3 0] orthogonally diagonalizable:
5A=[0 1 3 6A=|3 2 4 (@) A+B (b) cA (c) A?
L0 3 1 10 4 2] 14. If A is an invertible matrix that is orthogonally diago-
nalizable, show that A™! is orthogonally diagonalizable.
1 0 -1 (1 2 2] 15. If A and B are orthogonally diagonalizable and AB =
7 A= 0 1 0 g.A=[2 1 2 BA, show that AB is orthogonally diagonalizable.
L-1 0 1 L2 2 1] 16. If A is a symmetric matrix, show that every eigenvalue
11 0 0 20 0 1 of Ais no'nnegat.ive if and only if A = B? for some
symmetric matrix B.
oao|l L OO |0t o0
00 11 0 0 10 In Exercises 17-20, find a spectral decomposition of the
L0011 L1 0 0 2 matrix in the given exercise.
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18. Exercise 2
20. Exercise 8

17. Exercise 1
19. Exercise 5

In Exercises 21 and 22, find a symmetric 2 X 2 matrix with
eigenvalues A, and A, and corresponding orthogonal
eigenvectors v, and v,.

1 1
2LA, = —LA, =2,vy = L},vz = [_1}
1 -2
22. Al = 3, )\2 == "3,V1 = [2},V2 = 1’ 1

In Exercises 23 and 24, find a symmetric 3 X 3 matrix with
eigenvalues A\, Ay, and A, and corresponding orthogonal
eigenvectors vy, v,, and v,

25.

26.

Let q be a unit vector in R" and let W be the subspace
spanned by q. Show that the orthogonal projection of a
vector v onto W (as defined in Sections 1.2 and 5.2) is
given by

proju (v) = (qq")v

and that the matrix of this projection is thus qq”.
[Hint: Remember that, for x and y in R", x-y = xy.]

Let {q;, ..., q;} be an orthonormal set of vectors in R"
and let W be the subspace spanned by this set.

(a) Show that the matrix of the orthogonal projection
onto W isgivenby

P = qqi + -+ qq
(b) Show that the projection matrix P in part (a) is

1 1 symmetric and satisfies P* = P,
2.4 =LA=2,A,=3vy=|1Lv,=|~-1]| (c) LetQ = [q, -+ q] bethen X k matrix whose
0 1 columns are the orthonormal basis vectors of W.
-1 Show that P = QQT and deduce that rank(P) = k.
va=1 1 27. Let A be an n X n real matrix, all of whose eigenvalues
5 are real. Prove that there exist an orthogonal matrix Q
and an upper triangular matrix T such that QTAQ = T.
This very useful result is known as Schur’s Triangular-
4 —1 ization Theorem. [Hint: Adapt the proof of the Spec-
4.0 =1L "4 =—4v,=| 5| v,= 1 tral Theorem.]
—1 1 28. Let A be a nilpotent matrix {see Exercise 56 in Sec-
2 tion 4.2). Prove that there is an orthogonal matrix Q
v, = | ~1 such that Q" AQ is upper triangular with zeros on its
3 diagonal. [Hint: Use Exercise 27.]

Duadralic fovms

An expression of the form

ax® + by* + cxy

is called a quadratic form in x and y. Similarly,
ax? + by® + cz* + dxy + exz + fyz

is a quadratic form in x, y, and z. In words, a quadratic form is a sum of terms, each of
which has total degree two in the variables. Therefore, 5x* — 3y* + 2xy is a quadratic
form, but x* + y* + x is not.

We can represent quadratic forms using matrices as follows:

ax* + by + cxy = [x y][c;‘z CQZH;}



