Chapter 7 Distance and Approximation

The Singular Yalse Decompesition

In Chapter 5, we saw that every symmetric matrix A can be factored as A = PDP L8
where P is an orthogonal matrix and D is a diagonal matrix displaying the eigenval-
ues of A. If A is not symmetric, such a factorization is not possible, but as we learned
in Chapter 4, we may still be able to factor a square matrix A as A = PDP ™}, where
D is as before but P is now simply an invertible matrix. However, not every matrix
is diagonalizable, so it may surprise you that we will now show that every matrix
(symmetric or not, square or not) has a factorization of the form A = PDQ T, where
P and Q are orthogonal and D is a diagonal matrix! This remarkable result is the sin-
gular value decomposition (SVD), and it is one of the most important of all matrix
factorizations.

In this section, we will show how to compute the SVD of a matrix and then con-
sider some of its many applications. Along the way, we will tie up some loose ends by
answering a few questions that were left open in previous sections.

The Singuiar Yalues of 2 Mialrix

For any m X n matrix A, the n X n matrix A"A is symmetric and hence can be or-
thogonally diagonalized, by the Spectral Theorem. Not only are the eigenvalues of
ATA all real (Theorem 5.18), they are all nonnegative. To show this, let A be an eigen-
value of ATA with corresponding unit eigenvector v. Then

i

(Av) - (Av) = (AV)TAv = vIATAV
vIAv = Avev) = Av]? = A

0 =< |Av)?

i

It therefore makes sense to take (positive) square roots of these eigenvalues.

.., 0, It is conventional
to arrange the singular values so that oy Z 0, =2 --- 2 5,

Prample 7.33 i Find the singular values of

|

; 11

¥ A=|10
0 1

Seigtise The matrix

1 1 0
sl

1
2 1
O:
1 01 1 2
1

has eigenvalues A; = 3 and A, = 1. Consequently, the singular values of A are o, =

VA, = V3ando, = VA, = L. A
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To understand the significance of the singular values of an m X n matrix A,
consider the eigenvectors of ATA. Since ATA is symmetric, we know that there is an
orthonormal basis for R" that consists of eigenvectors of ATA. Let {v,, ..., v,} be such
a basis corresponding to the eigenvalues of A”A, ordered so that A, = A, = --- = A,
From our calculations just before the definition,

A= HAV»‘NZ
Therefore, o= VA = ||Av)

In other words, the singular values of A are the lengths of the vectors Avy, ..., Av,.
Geometrically, this result has a nice interpretation. Consider Example 7.33 again.
If x lies on the unit circle in R* (i.e., [x] = 1), then

JAX|* = (Ax) - (Ax) = (Ax)T(Ax) = x"A"Ax

2 1||x 5 5
=[x, x,] = 2xi + 2xx, + 2x;
1 2]|x

which we recognize is a quadratic form. By Theorem 5.25, the maximum and mini-
mum values of this quadratic form, subject to the constraint x| = 1, are A, = 3 and
A, = 1, respectively, and they occur at the corresponding eigenvectors of A”A—that
b {1/\6} q [—1/\/5} ively. S;

is, whenx = v, = andx = v, = , respectively. Since
N SVAVZ) : 1/vz] TPy

*[Avi[lz = VZ“A’IAVI. = A

Il

for i = 1, 2, we see that o, = |Av,[ = V3 and ¢, = |Av,| = 1 are the maximum
and minimum values of the lengths || Ax|| as x traverses the unit circle in R,

Now, the linear transformation corresponding to A maps R* onto the plane in R’
with equation x — y — z = 0 (verify this), and the image of the unit circle under this
transformation is an ellipse that lies in this plane. (We will verify this fact in general
shortly; see Figure 7.18.) So 0| and ¢, are the lengths of half of the major and minor
axes of this ellipse, as shown in Figure 7.19.

We can now describe the singular value decomposition of a matrix.

The matrix A transforms the unit circle in R” into an ellipse in R? Figure 1,18
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The Sinouizr Yslue BDecomposition
We want to show that an m X n matrix A can be factored as
A=U3VT

where U is an m X m orthogonal matrix, V is an # X n orthogonal matrix, and 2 is
an m X n “diagonal” matrix. If the nonzero singular values of A are

oozo,=z0,>0
ando,,, = 0,5, = = 0, = 0, then ¥ will have the block form
S = {OO} L where D = 0 (;' (1)

and each matrix O is a zero matrix of the appropriate size. (If r = morr = n, some of
these will not appear.) Some examples of such a matrix 2 withr = 2 are

5
4 0 0 2 0 8 0 0
= , Z=|0 2|, Z=|0 3 0| =
SO A .
00 0 0 0

[ow T o i
[~ R oo B S IR o}
SO O Q

(What is D in each case?)
To construct the orthogonal matrix V, we first find an orthonormal basis
{v},...,v,} for R" consisting of eigenvectors of the n X n symmetric matrix A”A. Then

V=(v v,

is an orthogonal # X n matrix.

For the orthogonal matrix U, we first note that {Av,, ..., Av,} is an orthogonal set
of vectors in R™. To see this, suppose that v, is the eigenvector of ATA corresponding
to the eigenvalue A;. Then, for i # j, we have

(Av) - (4v) = (Av) A,
= v?ATAvj
= T
= Vi AV,
since the eigenvectors v; are orthogonal. Now recall that the singular values satisfy

0; = |Av,| and that the first r of these are nonzero. Therefore, we can normalize
Avy, ..., Av, by setting

u,~=LAv, fori=1,...,r
a;

This guarantees that {u,, . . ., u,} is an orthonormal set in R™, but if r < m it will not

be a basis for R™. In this case, we extend the set {u,, . .., u,} to an orthonormal basis

{u,,...,w,} for R™ (This is the only tricky part of the construction; we will describe

techniques for carrying it out in the examples below and in the exercises.) Then we set

U=[u -~ u,]
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All that remains to be shown is that this works; that is, we need to verify that with
U, V,and ¥ as described, we have A = USVT. Since VT = V™!, this is equivalent to
showing that

AV = U3,
We know that Av; = ogn; fori=1,...,r
and JAv;] = o, = 0fori=r+1,..., n. Hence,

Av,=0 fori=r+1,...,n

Therefore, AV = Alv, - v,]

= {AV; v AV,,]

:[AVI AV, 0o --- 0]

= (o, - ou 0 - 0]
T, 0

= [ul um] :‘()
0 Lo

O 0]
= [J3,

as required.
We have just proved the following extremely important theorem.

The Singular Value Decomposition

Let A be an m X n matrix with singular values oy 2 0, Z - = o, > 0 and
Oy = Oy = -+ = 0, = 0. Then there exist an m X m orthogonal matrix U,
an n X n orthogonal matrix V, and an m X n matrix 2 of the form shown in
Equation (1) such that

A=UsVT

A factorization of A as in Theorem 7.13 is called a singular value decom position
(SVD) of A. The columns of U are called left singular vectors of A, and the columns
of V are called right singular vectors of A. The matrices U and V are not uniquely
determined by A, but 2 must contain the singular values of 4, as in Equation (1). (See
Exercise 25.)

P T—

Find a singular value decomposition for the following matrices:

1

110
(a)A-{0 0 J by A=11 0
0 1
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Solutien (a) Wecompute

>
S
i
O p e
O O

and find that its eigenvalues are A; = 2, A, = 1, and A; = 0, with corresponding
eigenvectors

0 1 0

#—=  (Verify this.) These vectors are orthogonal, so we normalize them to obtain

1/V2 0 -1/V2
vy =|1/V2|, w=|0| ww=| 1/V2
0 1 0

The singular values of A are o) = V2,0, = VI = l,and 6, = VO = 0. Thus,

1/vV2 0 -1/V2
v=|1/Vv2 0 1/V2

\/Eoo}
0 1 0

and 2={0 Lo

To find U, we compute

1 111 1 O 1
“‘z?rTA"‘:“\/“’E{o 0 1} 1/ ZM

1 1{1 1 0]
and u, = —Av, = —
o, 110 0 1]

These vectors already form an orthonormal basis (the standard basis) for R?, so we
have

This yields the SVD

1/vV2 1/V2 0

A=[110}={1 OM\&OO} o 0
0 0 1 0101o~1/\/§1/\/50

= UV’

which can be easily checked. (Note that V had to be transposed. Also note that the
singular value or; does not appear in 2.)
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(b) This isthe matrix in Example 7.33, so we already know that the singular values are

o,=V3and o, = 1, corresponding to v, = “;g} and v, = ["1;\\?3 So
3 = \0[3 (1) and V= {1/\/2 “l/\/i}
1/V2 12
0 ©
For U, we compute
11 _ [2/Ve
1 1 1/\/2} y
u, = —Av, = —=| 1 o{ 1 =11/V6
7 V3|, o /v L 1/V6
11 [0
and uz'—“;rLsz:"} 1 0 {_i;\/\/—ﬂ =|-1/V2
? 0 1 L 1/V2

This time, we need to extend {u,, u,} to an orthonormal basis for R®. There are
several ways to proceed; one method is to use the Gram-Schmidt Process, as in
Example 5.14. We first need to find a linearly independent set of three vectors that con-
tains u; and u,. If e, is the third standard basis vector in R, it is clear that {u,, u,, e;}
is linearly independent. {Here, you should be able to determine this by inspection, but
a reliable method to use in general is to row reduce the matrix with these vectors as
its columns and use the Fundamental Theorem.) Applying Gram-Schmidt (with
normalization) to {u;, u,, e;} {only the last step is needed), we find

-1/V3
u;, = 1/V3
1/V3

2/Ve6 0 -1/V3
) U=|1/V6 —1/V2 1/V3
1/vVe 1/vV2  1/V3

and we have the SVD
1 1 2/V6 0 -1/V3[V3 o

A=|1 0|=|1/V6 —1/V2 1/V3]l 0 1 {_ij\/@ 1;3;}—(/2\/"
0 1 1/Ve 1/vV2  1/V3lLoo o ! A

There is another form of the singular value decomposition, analogous to the
spectral decomposition of a symmetric matrix. It is obtained from the SVD by
an outer product expansion and is very useful in applications. We can obtain this
version of the SVD by imitating what we did to obtain the spectral decomposition.
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Accordingly, we have

o, 0 "
: . 1
A = UEVT = LR : : O :
- - [ul um] :
0 - o, .
4"""6”“"”“’“”“ O v"
-
Vi
o, 0 :
. .
v : v
= [ul e uygur+] e um] ~:T'
oo Vi
O .
b v" -
,01 0] —Vr VZ;x
=lu, -+ uwll: . S+ [we, - w,][O]]
T 1
L0 o, jLv] ] V!
F‘Tl ] FVIT-
= [ul ur] :
L O o, 1LV ]
vi
= {0’1111 Urur]
v/
=ouy] +--- + ouy/

using block multiplication and the column-row representation of the product. The
following theorem summarizes the process for obtaining this outer product form of
the SVD.

Theorem 1.14  The Outer Product Form of the SVD

Let A be an m X n matrix with singular valueso; Z 0, =~ 20, >0and 0,4, =
Oy =" =0, =0.Letuy,...,u,beleft singular vectors and letv;, . .., v, be right
singular vectors of A corresponding to these singular values. Then

A=owvi+ -+ ouvl

Bomark  If A is a positive definite, symmetric matrix, then Theorems 7.13 and
7.14 both reduce to results that we already know. In this case, it is not hard to show
that the SVD generalizes the Spectral Theorem and that Theorem 7.14 generalizes the
spectral decomposition. (See Exercise 27.)

The SVD of a matrix A contains much important information about A, as out-
lined in the crucial Theorem 7.15.
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Theorem 1.15

LetA = UXVT beasingular value decomposition ofanm X n matrix A. Leto,...,
o, be all the nonzero singular values of A. Then:

. Therankof Aisr.
{u;, ..., w} is an orthonormal basis for col{A).

{u,,5,...,u,}isan orthonormal basis for null(A7).

a0 oo

. {vi,. .., v} is an orthonormal basis for row(A).

o

{¥,11,...,v,} isan orthonormal basis for null{A).

Preni  (a) By Exercise 61 in Section 3.5, we have

rank(4)

i

rank(UZ V)
rank(2V7)
rank(Z) = r

il

(b) We already know that {u,, ..., u,} is an orthonormal set. Therefore, it is linearly
independent, by Theorem 5.1. Since w; = (1/0)Av,fori=1,...,r, each u, is in the
column space of A. (Why?) Furthermore,

r = rank{A) = dim(col(4))

Therefore, {u,, ..., u} isan orthonormal basis for col(A), by Theorem 6.10(c).

{c) Since {uy, ..., u,}isanorthonormal basis for R and {u,, ..., u} is a basis for
col(A), by property (b}, it follows that {u,, ;, ..., u,} is an orthonormal basis for the
orthogonal complement of col(A). But (col(4)) = null(AT), by Theorem 5.10.

(e) Since
Avr+l == Avn =0

the set {v,y,...,v,} is an orthonormal set contained in the null space of A. Therefore,
Vo ... V,;} is alinearly independent set of n — r vectors in null(A). But

dim(null(4)) = »n — r

by the Rank Theorem, so {v,.,,...,v,} is an orthonormal basis for null(4), by Theo-
rem 6.10(c).

(d) Property (d) follows from property {e) and Theorem 5.10. (You are asked to
prove this in Exercise 32.) 5

The SVD provides new geometric insight into the effect of matrix transforma-
tions. We have noted several times (without proof) thatan m X n matrix transforms
the unit sphere in R" into an ellipsoid in R™. This point arose, for example, in our
discussions of Perron’s Theorem and of operator norms, as well as in the introduction
to singular values in this section. We now prove this result.
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Theorem 1.16

Let A be an m X n matrix with rank r. Then the image of the unit sphere in R"
under the matrix transformation that maps x to Ax is

a. the surface of an ellipsoid in R™ if r = n.
b. a solid ellipsoid in R™ if r < n.

Proef  Let A = UZV” be a singular value decomposition of the m X n matrix A. Let
the left and right singular vectors of Abe u,, ..., u, and v,, . .., v,, respectively. Since
rank(A) = r, the singular values of A satisfy

oozo,zz0,>0 and oy =0,,==0,=0
X1
by Theorem 7.15(a). Letx = | : |beaunitvectorinR". Now, since Vis an orthogonal
xn

matrix, so is V7, and hence Vx is a unit vector, by Theorem 5.6. Now

T

v vlTx
Vix=1| i lx=| :

T "

Vs vix

s0 (Vix)® + - + (vix)? = 1.
By the outer product form of the SVD, we have A = oyl + - + ouy!,
Therefore,

Ax = ouyvix + -+ ouvx
= (ovix)y, + - + (o v 0y,

=y bty

where we are letting y; denote the scalar ovix.
(@) If r = n, then we must have n = m and

AX = }’1“1 +oeee ynun

N
where y = | : |. Therefore, again by Theorem 5.6, |Ax]| = |Uy| = |yl since U is

Yn
orthogonal. But

2 2
(y—‘) +-~-+(Z”~> =(vix) + -+ (vix)? =1

oy ”n

which shows that the vectors Ax form the surface of an ellipsoid in R™. (Why?)
(b) If r < n, the only difference in the above steps is that the equation becomes

2 2
(y_x) +...+(z_z>51
(rl Ur

since we are missing some terms. This inequality corresponds to a solid ellipsoid
in R™.
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Example 7.35

Describe the image of the unit sphere in R® under the action of the matrix

{1 1 0}
A =
0 0 1
Sgiwtise  In Example 7.34(a), we found the following SVD of A:
: 1/V2 1/V2 0
{1 1 o}ﬁ[l OM\/Q 0 0} /0 /0 X
0 0 1 0 1JLo 1 0
-1/V2 1/V2 0

Since r = rank(A) = 2 < 3 = n, the second part of Theorem 7.16 applies. The image
of the unit sphere will satisfy the inequality

n V() oo,
=) ) = — +
(\/2> (1) bor gty

relative to y,y, coordinate axes in R? (corresponding to the left singular vectors u;
and w,). Since u, = e, and u, = e,, the image is as shown in Figure 7.20.

IA

1

I

R SR S

i

In general, we can describe the effect of an m X n matrix A on the unit sphere
in R" in terms of the effect of each factor in its SVD, A = UZV7, from right to left.
Since VT is an orthogonal matrix, it maps the unit sphere to itself. The m X n matrix
2 does two things: The diagonal entries o', = 0,4y =+ <+ = 0, = O collapse n — r
of the dimensions of the unit sphere, leaving an r-dimensional unit sphere, which the
nonzero diagonal entries oy, . . ., o, then distort into an ellipsoid. The orthogonal
matrix U then aligns the axes of this ellipsoid with the orthonormal basis vectors
u,, ..., u, in R"™. (See Figure 7.21.)

Ruplications of 1he 84D

The singular value decomposition is an extremely useful tool, both practically and
theoretically. We will look at just a few of its many applications.

P
£
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fiank  Until now, we have not worried about calculating the rank of a matrix from
a computational point of view. We compute the rank of a matrix by row reducing
it to echelon form and counting the number of nonzero rows. However, as we have
seen, roundoff errors can affect this process, especially if the matrix is ill-conditioned.
Entries that should be zero may end up as very small nonzero numbers, affecting our
ability to accurately determine the rank and other quantities associated with the ma-
trix. In practice, the SVD is often used to find the rank of a matrix, since it is much
more reliable when roundoff errors are present. The basic idea behind this approach
is that the orthogonal matrices U and V in the SVD preserve lengths and thus do not
introduce additional errors; any errors that occur will tend to show up in the matrix 2.

CAS Exgmple 1.36 | Let

é
{
i
1
i
|
¢

8.1650 —0.0041 —0.0041 8.17 0 0
A = 40825 —3.9960 40042 and B=|4.08 -4 4
4.0825 4.0042 —3.9960 4.08 4 —4

N ——

The matrix B has been obtained by rounding off the entries in A to two decimal
places. If we compute the ranks of these two approximately equal matrices, we find
that rank(A) = 3 but rank(B) = 2. By the Fundamental Theorem, this implies, among
other things, that A is invertible but B is not.

The explanation for this critical difference between two matrices that are approxi-
mately equal lies in their SVDs. The singular values of A are 10, 8, and 0.01, so A has
rank 3. The singular values of B are 10, 8, and 0, so B has rank 2.

In practical applications, itis often assumed that ifa singular value is computed to
be close to zero, then roundoff error has crept in and the actual value should be zero.
In this way, “noise” can be filtered out. In this example, if we compute A = U >VTand
replace

10 0 0 10 0 0
S=|08 0 by =0 8 0
0 0 001 000
= then US'VT = B, (Try it!) 4
o

Rialriy ¥orms sng the Condition Humber The SVD can provide simple formulas
for certain expressions involving matrix norms. Consider, for example, the Frobenius
norm of a matrix. The following theorem shows that it is completely determined by

the singular values of the matrix,
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equal to the nonzero singular values of A. It follows immediately that the largest of
these is o}, so

IAl; = o,
This provides us with a neat way to express the condition number of a (square)

matrix with respect to the operator 2-norm. Recall that the condition number (with
respect to the operator 2-norm) of an invertible matrix A is defined as

cond,(4) = |A™",|Al,

As you will be asked to show in Exercise 28, if A = U SV then A™! = VvEIUT
#~>=  Therefore, the singular values of A™' are 1/0, ..., 1/0, (why?),and

o, = -2 1/oy

It follows that |JA7'|, = 1/o,, so

cond,(A) = —

Exampie 7.8 ' Findthe 2-condition number of the matrix A in Example 7.36.

$slutien  Since oy = 10 and o3 = 0.01,

¥ o 10
cond,(4) = — = —— = 1000
(2} 0.01
This value is large enough to suggest that A may be ill-conditioned and we should be
wary of the effect of roundoff errors. 4

The Psopdoinverse and least Sguares Spsroximation  In Section 7.3, we pro-
duced the formula A* = (ATA)"'AT for the pseudoinverse of a matrix A. Clearly, this
formula is valid only if ATA is invertible, as we noted at the time. Equipped with the
SVD, we can now define the pseudoinverse of any matrix, generalizing our previous

formula.
E.HL Moore {1862~1932) was an o -
American mathematician who %@?ﬁ%ﬁgﬁ@ﬁ Let A = USVT be an SVD for an m X n matrix A, where £ =
worked in group theory, number D
theory, and geometry. He was and D is an r X r diagonal matrix containing the nonzero singular values
O O
the first head of the mathemat-
ics department at the University o, =0, = 0g,> 0of A The pseudoinverse (or Moore-Penrose inverse) of A
of Chicago when it opened in is the # X m matrix A defined by
1892. In 1920, he introduced a + SpeT
generalized matrix inverse that . AT=V3U
included rectangular matrices. where 27 is the n X m matrix
His work did not receive much Dl 0o
attention because of his obscure St = [ }
0o 0

writing style.
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tnamgpie 7.38 Find the pseudoinverses of the matrices in Example 7.34.
 Salwtien  (a) From the SVD
1/V2 1/V2 0
110 1 0][v2 0 0 /N2 -
A= o o 1o 1 o) ° R
-1/V2 1/V2 0
we form
1/vV2 0
=1 0 1
0 0
Then
1/vV2 0 =1/V21[1/V2 o Lo 1/2 0
A"=VvyUuT=|1/V2 0 1/V2 0 1 {0 1} =11/2 0
0 1 0 0 0 0 1
(b) We have the SVD
11 2/V6 0 -1/V3 30
Ve V3 V3 1/vV2 1/V2 __
A=|1 0|=1[1/Ve —-1/vV2 1/V3|l 0 1 N Y = ULV
0 1 1/vVe  1/vV2 o 1/V3IL o o
. 1/vV3 0 0
50 3 = [ /3 }
0 1 0
and
E 2/V6  1/Ve 1/Ve
8 . e | Y/V2 =1/V2][1/VE 0 0 / / /Ve
g At = VU= AR I 0 ~-1/V2 1/V2
One of those who was unaware of “1/\/5 1/\/5 1/\/3
Moore’s work on matrix inverses 1/3 2/3 —1/3
was Roper Pearose (h.1931), who = 1/3 —1/3 2/3

introduced his own notion of

a generalized matrix inverse

in 1955. Penrose has made many
contributions to geometry and
theoretical physics. He is also the
inventor of a type of nonperiodic
tiling that covers the plane with
only two different shapes of tile,

yet has no repeating pattern. He has
received many awards, including the
1988 Wolf Prize in Physics, which
he shared with Stephen Hawking. In
1994, he was knighted for services
to science. Sir Roger Penrose is
currently the Emeritus Rouse Ball
Professor of Mathematics at the
University of Oxford.

T

Itisstraightforward to check that this new definition ofthe pseudoinverse general-
izes the old one, forif the m X nmatrix A = U2V has linearly independent columns,
then direct substitution showsthat (ATA) " !AT = V3* U7 (Youareasked to verify this
in Exercise 50.) Other properties of the pseudoinverse are explored in the exercises.

We have seen that when A has linearly independent columns, there is a unique
least squares solution X to Ax = b; that is, the normal equations A"Ax = ATb have the
unique solution

x = (ATA) A = A™D

When the columns of A are linearly dependent, then ATA is not invertible, so the nor-
mal equations have infinitely many solutions. In this case, we will ask for the solution
x of minimum length (i.e., the one closest to the origin). It turns out that this time we
simply use the general version of the pseudoinverse.
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Theorem 1.18

The least squares problem Ax = b has a unique least squares solution X of minimal
length that is given by

x=A"

#rosf  Let A be an m X # matrix of rank r with SVD A = USV T (so that A* =
VEtUT). Lety = VTx and let ¢ = UTb. Write y and c in block form as

B Yl } - [CI }
= and ¢ =

Y [Yz )
where y, and ¢, are in R".

We wish to minimize |b — Ax]| or, equivalently, |[b — Ax|?* Using Theorem 5 6
and the fact that U7 is orthogonal (because U is), we have

b — Ax[? = |UT(b — A0)|* = |UT(b — UZVTX)|* = |[U™d — UTUSV X}

i A I |
%) O Oliy: )
The only part of this expression that we have any control over is yl, so the mini-

mum value occurs when ¢; — Dy, = 0 or, equivalently, when y, = D™ 'c,. So all least
squares solutions x are of the form

= Jle - 3yl* =

D"]
x=Vy= V{ cl}
Y2
_ _ D¢,
Set x=Vy=V 0

We claim that this X is the least squares solution of minimal length. To show this, let’s

suppose that
’ [ {D“lcl}
x' =Vy' =V
Y2

is a different least squares solution (hence, y, # 0). Then
Il =1vyl = Iyl <yl = vyl = I¥|

as claimed.
We still must show that X is equal to A™ b. To do so, we simply compute

__ Ipq [p-l O}H
=Vy=V =V
x ¥ { 0 J 0O O]le

=Vite=VY'UD=4"b

i

Example 1.40

{

¥

Find the minimum length least squares solution of Ax = b, where

e [! e
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Spintisn  The corresponding equations

x+y=20

x+y=1
are clearly inconsistent, so a least squares solution is our only hope. Moreover, the
columns of A are linearly dependent, so there will be infinitely many least squares

solutions—among which we want the one with minimal length.
An SVD of A is given by

(v ) _yva oyvVa)fz olfy/va 1/V2
-l Il <l

1 1) {1/v2 o —1/v2llo olli/vV2 -1/V2

} = Usv’
(Verify this.) It follows that
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You can see that the minimum least squares solution in Example 7.40 satisfies
x + y = 3. In a sense, this is a compromise between the two equations we started
with. In Exercise 49, you are asked to solve the normal equations for this problem
directly and to verify that this solution really is the one closest to the origin.

The Femdamonial Theovem of Inveriible Malvices It is appropriate to conclude
by revisiting the Fundamental Theorem of Invertible Matrices one more time.

Not surprisingly, the singular values of a square matrix tell us when the matrix is
invertible.

Thenrem 1.19

The Fundamental Theorem of Invertible Matrices: Final Version

Let A be an n X »n matrix and let T: V — W be a linear transformation whose
matrix [T]c, g with respect to bases B and C of V and W, respectively, is A. The
following statements are equivalent:

A is invertible.

Ax = b has a unique solution for every b in R".
Ax = 0 has only the trivial solution.

. The reduced row echelon form of A is I,..

A is a product of elementary matrices.

rank(A) = n

. nullity(A) = 0

. The column vectors of A are linearly independent.
The column vectors of A span R".

The column vectors of A form a basis for R".

. The row vectors of A are linearly independent,
The row vectors of A span R".
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