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(5.7 Theorem (orthogonal projection). Let ¥ be

” oot 6y A i : iﬂﬂﬁf
product. Let ¥, be the ed by A orthogonal o

subspace of ¥~ spanned by an orthogonal set
v o § 7
-ﬁl e lvl,‘z, chey \7@}

X } z) =3 y % » w* -
of non ero Vegf;ﬂrs. Define the orthogonal projection P, onto ¥, as follows:
for any v in ¥, set

Pov=oyv, + 4oy,  whereo = ey
{viv Vi)
Then:
{a) v — Pov is orthogonal to every vector Vo in ¥,
(b) Polu+ v) = Pou + Pyv for allu, vin ¥
{(€) Polov) = aPyv for all scalars o and all v in v
PROOF
{a) Note first that v — Pyv is orthogonal to each v;
(Vi V= Pov) = (v;, V) — oy (v, ¥y) — =+ — o, (v;, ¥,) = (v, V) — (v, v) = 0.

Since each v, in ¥ is a linear combination of the v;, each of which
satisfies (v, v — Pyv) = 0, we get (vo, v — Pyv) = 0 as claimed.

(b} and (c¢) follow immediately from the definition of the coefficients «;. For
example, the coefficient o; in Py(av) is

(v, av)/(v;, v) = a(v,, v)/(¥i, Vi

which is just « times the coefficient ; in Pov. &

(5.72) Example. Suppose that ¥ is R? and that g = 2; then ¥, is a plane. The
geometric interpretation of v' = PV is shown below: .
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Best Approximations

Orthogonal and Orthonormal Bases

Section 2.6 on least squares showed that in determining parameters in Mathem,
tical models one often has to approximate a given vector as a linear @Of‘n%ﬁinaging;
of other given vectors. If the vectors from which one forms linear a:{)mbim%m%g
are mutually orthogonal, then the solution of this problem is Sii‘aigh{f(}z‘w;gg({ k

73) Theorem (best approximation). Let ¥” be a vector space with an inner 5r0.

p
duct and with induced norm |||, and let ¥ be the subspace spanned by
the orthogonal set of nonzero vectors v, ..., v, Then, for any v, Py s the
unique closest point in ¥ to v and |[v — Pov|| is the distance from v 15 v,
in the sense that Pyv is in ¥, and )

v — Povl| <|lv = vo||  forall v 5 Pyv in 7,

PROOF. For convenience, let ¥, denote Pyv, which is clearly in ¥} by the
definition of Pyv; for any v, in ¥, calculate |[v — v,|| as follows:
2
IV = voll* = (v = v, v = ¥p)
:(V‘“§0+§Q”’“VO,V”€'O+QO”‘VG}
= (V= Vo, ¥ — Vo) + (v — ¥, ¥ — Vo)
+ (Vo — ¥, V= ¥o) + (Vo — Vo, ¥o — ¥g).

By Theorem 5.71(a), v — ¥, is orthogonal to all vectors in 7, includm

Vo — Vo the two middle terms of the four terms on the right above therefor
equal zero. That equality then becomes

€

v = ol = fIv — %> + [0 — vol*

Therefore,

V= Vol > |lv — 9,)|> unless vy = 9,.

According to Theorem 5.73, it is easy to find the best approximation i
given subspace ¥ to a given vector v as long as we have an orthogonat 5?“””@
set for ¥, consisting of nonzero vectors. Since this best-approximation ?Wwf}
arises 5o often in applications, we pursue this matter of orthogonal spanning <=

e Important asmec . s gomewhit
One important aspect of our main theorem on orthogonal projection i ?"““ﬁm
ied il

f:onceaied by ihn notation: Every orthogonal set of nonzero veetors 32 ihat
independent. To see this, suppose that § = {v,, ..., v,} is such a st e

CVip ey, =0
taking the inner product with each v ; gives

{) B {V\J" 0} e (VA’ (jl‘r‘ e e 4 ¥ ) e '(V;’s Yj),
i 4'4q 1
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which means that ¢, = 0 since (v
of nonzero veemrs;ig " mmg ng:;{zﬁO Tiherefme, any orthogonal spanning set

. oo i Hleflfy iﬁdﬁ nde oy : . hat is
an orthogonal basis for v+, T pendent spanning set——that s,
an gonal basis for ¥,. The orthogonal projection theorem says that ortho-

onal bases are ex s , .
i a vector v: We ti:gm.ely ©asy to use when we need to find a best approximation
C - We can immediately write it down as

oY
1¥y + + v,

wx‘th‘;he :x: NaS deﬁneii n tkhe t?}eore‘m, If v happens itself to be in ¥}, then certainly
v is the best approximation in ¥ to itself and we have

V=04V 44y,

with the ; as in the theorem. That is:

Wevcan, express a vector v as a linear combination of vectors in an orthogonal
basis without having to solve equations to determine the coefficients—we can
simply evaluate some inner products to obtain the coefficients directly.

We summarize.

{5.74) Theorem (orthogonal bases). Let B = {v,,v,,..., v,} be an orthogonal (or
orthonormal) basis. Then the representation of any vector v with respect to

the orthogonal basis B can immediately be written down:

(¥i, v)
V=0V o dY,, where o; = (‘;-i’m;wi
i* *i

We encountered a special case of this much earlier when we saw how easy it is
as a linear combination of e, ..., e, these vectors

to express any vector in R’ ! ‘
nts in the representation of v are

form an orthonormal basis for R?, so the coeflicie

You should now be able to solve Problems I to 5.

Gram-—Schmidt

lems are easy to solve if we have an orthogonal basis for
is not always the case in applications, however.
t often we should attempt to create one for a

Creating Orthogonal and Orthonormal Bases:

Best-approximation prob t
the approximating subspace. This
Such a basis is so convenient that of
space. This raises the following question:

space with an inner product,

set S for a vector ‘ ‘,
al basis for the space?

Given a basis or spanning
p | or orthonorm

how can we find an orthogona
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13. Apply the modified Gram-Schmidt process of Problem 12 1o the vectors iy

Example 5.77. :

M 14. Apply MATLAB or similar software to find an orthogonal or 0rthonormy
basis for the space spanned by the yectors in Problem 11 {with € chosen a;}p;g
priately for your computer) to sece how well that software performs oy 't;‘—;;g
challenging problem.

15. Another alternative to the traditional process for calculating the projection
in Key Theorem 5.75 makes use of Householder matrices (see Problems {3 17
of Section 5.9); a {real) Houscholder matrix is a p x p matrix H of the forp
H =1, — 2ww’'/w'w for a real nonzero p x | column matrix w.

(a) Show that every Houscholder matrix is symmetric.
(b} Show that every Housecholder matrix is nonsingular and that H ! = {4 =
H'.
(¢} Use (b} to show that the columns of a Householder matrix form an orthe.
normal set.
[> 16. Given two p x | real matrices x and y, with x # y, define

w, = x + y[x]l./|l¥ll

and let H, be the Householder matrices of Problem 15 defined by w.. Show
that H, transforms x into a multiple of y; more precisely, show that

Ix[L2/lll2-
17. (a) Letx =[2 2 1]7andy=[1 0 0]" Findthematrices H. of Problem
16 and verify that H, x = F3y.
(b} Show that for any x in R” there is a Householder matrix H so that Hx
equals either plus or minus [|x||,e,, where e, is the usual unit column
matrix.

Hix=Fy

5.9 ORTHOGONAL PROJECTIONS AND BASES:
RF, C?, QR, AND LEAST SQUARES

Many applications make crucial use of the techniques and concepts of orthogonal
projections and bases introduced in Section 5.8 for general vector spaces. In the
special case of R” (or C7), these results—when couched in matrix terminology—
provide powerful computational tools.

Orthogonal Projections

Our first results—Theorems 5.72 and 5.73 —in the preceding section involved 0
thogonal projections is general vector spaces with inner products; we now mw'
mulate these in R? and C? using matrix terminology. To be specific, we consider
¥ = [” in the discussion below; we only need change transposes ' to herit
transposes ” to make the argument apply in C”.

yitian




(5.79)
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Suppose that ¥, isas
.y pE!G v fhaf 3 pliSa aubsp%}ce of R” spanned by the orthogonal set of vectors
§ = {¥y ¥a, ..., ¥, and that v is another 1 v we wic , )
rthogonal proiection P.v p x 1 matnx; we wish to calculate the
o .; g n projection Pov of Theorem 5.72. We specialize slightly by assuming
that ‘S. s ‘an G?‘Ekf}m}mmi set-—that [lv/l, = I in addition to the mth@gﬁma%i{z
conditions O = (v;, v)) = vj'v; for i # j. Define the p x ¢ matrix Q by ;
Q m [Vg yz PR vq]-

If we compute Q7Q, we find that

QTQ”‘:[Vi ¥, "/JT[“\ Voo ]

ha;f as itS« (i, ‘j“}-‘entry just .v,?’"v;wwhich ‘equals 1ifi=jand 0 if i%#j That s
Q'Q =1, this is our matrix reformulation of the fact that S is orthonormal. Now
to the computation of Pyv. According to Theorem 5.72, '

Pov =ayv; 4+ 4+ oy,
for appropriate «; in matrix notation, this says that Pov = Qu, where Q 1s the
matrix above and

& = [951 oy 07 aq]’r.
Again according to Theorem 5.72, ¢; is computed as
v, ¥
aizww( bV =vlv
(’V;, vi)

in the present case; in matrix notation, this says that « = Qv. Putting these two

facts together gives
P(}? == QQTV.

Note here that QQ7 #1,1n general; Q7 isa left-inverse ‘?f Q since Q'Q = i“i bz%t
it is not generally a right-inverse since we are not assuming Q to be square. “{h}is
formula for P, shows that orthogonal projection 1s nothing more than multipli-
cation by a special matrix QQ7, called a projection matrix. This completes our
reformulation of Theorems 5.72 and 5.73 in matrix terminology.

Theorem (projection matrices). Let Qbeap xq matrix having orthonormal
columns in R? (or C?)—that is, let

Q'Q=1, (or QQ =1),

and let ¥, be the subspace spanned by the orthonorma

by the columns of Q. Then: ) ey
(.3; The orthogonal projection P, onto ¥, as descnbzzd.rilx} i?;wi}aixi 572
and 5.73 is é@;ﬂpuied with the projection matrix QQT (or QQ) as

Pyv = PoV

| basis for ¥ formed

QQH)‘

. » T e
where P, is the p x p matrix P, = QQ" (or Po
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PROOY
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he projection matrix Py satisfies:

P, is symmetric (or hermitian).

P
f i)g . } e

R g)(g(;n o ;}{}\? ES {’ggs o ipi};}i}ﬂ = gk

g‘zf’ Pn}Q = ).

{a) We have already proved this.

b 1. PT = (QQ") = (Q7)QT = QQ" = P, (and similarly for the complex
casel. - o
2. Pl = QQ?QQ? . QL,Q’ = QQT = P, (and similarly for the compley
Case).
3. Pyl — Py) = P, — P§ = 0, and similarly for the others,
4. (;%}W PO = Q — QQ'Q = Q — QI, = 0(and similarly for the com-
plex case). ®
{5.80) Example. Let Q be 4 x 3 and let its columns be normalized versions of the
nonzero orthogonal vectors uy, u,, u, found in Example 5.77:
: = -
L] 0 ) B
2 2 1 0 0 0
/ 6 oo
1 - };i Yé 0 0
2 6 6 22
= - ~ |- Then P,=
L3 e o L Iy
2 6 6 22
1 V3 U6 0o 0 0 |
5 7 5 “

Therefore, the closest vector tov=[1 2 3 4]" in the subspace ¥ of R’

spanned by the columns of Q is

Pov =Py =[1 52 572 4"

more generally, the closest point tov=1[a b ¢ d]"is

x o a4 T
Poy {\a b+ ¢ b+ ¢ d’} '

2 2
————
You should now be able to solve Problems [ to 5.
e

QR-Decompositions

Our next task is to provide a matrix formulation for Key Theorem 5.75 on how =

compiie an

Vis ¥y, 0., Vo dre p x| col
tation {5.76} of the Gram-

Fh oy ooy e o ‘ . 4 oo thal

orthogonal spanning set from a general spanning set. Suppose ! :

. . s R el

umn matrices and consider the traditional zmi”i‘"m;m
g B . o a e ) Ul
Schmidt process. From the definition of the &
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rerms of least squares; see Section 2.6 Thic :
;ﬁ;f:z;;éﬂi‘géé gj:f:n;;;?;iﬁi i;(),/ r}}jh Was one instance of a gencral phe-
R HPURAING on vartous parameters to be delermined s
as to model as accurately as possible how some svstem hac - e 20
R . some system has actually behaved
the past. Problem 12 in Section 2.6 is of this type: It asks you to gﬁzi}fd th e m
in the transition matrix for the dairy-competition model c;f‘ E‘Scciiun 2.2 %{:ﬁtgi}s?ﬁ
model corresponds to data on how the market shares‘havc@zciu%ii» chf;n c};
Problem 22 in Section 5.9 is also of this type. A changed
More generally, the problem is to determine the parameters x so that the
model's prediction Ax is close to the measured data b. With least squares, we seek
to find x to minimize [[Ax — b||, over all possible x, where A is p % q and given, b
is p x 1 and given, and x is ¢ x | and unknown. Problem 26 in Section 5.9 stat;:d
that x solves this if and only if A"Ax = A¥b; as was shown in Problem 24 of
Section 5.9, however, this can be a poor approach computationally. That sec-
tion showed that a much better method can be based on the normalized QR-
decomposition of A: Write p x ¢ A of rank k as A = QR where Q is p x k and
has orthonormal columns and R is k x g upper-triangular of rank &, and then x
solves Rx = Q7b—which can be solved by simple back-substitution. We now
consider another method for solving least-squares problems that is equally effective.

Singular Value Decompositions and Least Squares

Suppose that A = ULV¥ is the singular value decomposition from Key ‘T;hef)r;em
8.19 for the p x g matrix A of rank k. We consider the problem of minimizing
|Ax — bj|, with respect to x. By Theorem 7.31 on unitary matrices, we can write

f:y - Uﬁb“z,

{Ax — b, = JUEV#x — b, =

hich we are minimizing. Thus

where y = V¥x is the new variable with respect to which e e
x minimizes [[Ax — bj|, if and only if y (= Y#x) minimizes [y — b]5. where we

use b’ to denote U¥b. But

Iy — B = Jows = bif + o+ low — B

- !b;(.%iiz E - ib;lzw

where y, = (y), and b| on is minimized by making as many
’.::;, . [y, ) . IO g . Q2$£
terms zém as plo‘;sibk;“ p, = bifa; for 1 <15 k and y, arbitrary for k wfni ,;iu{ii;mi:
« b a3 . ¥ : [ v 5¢
Since |x||, = [[Vy]l, = ||y}l the ¥ that has least norm from ‘dm@nﬁi?m;ﬂ aon
X i - &*? - } . < v 50
o ih&rieast-squares problem comes from y,; = 0 for k i~ 1 :? iaj;rqz:;ﬂlbinﬁtiim o0
tions can be obtained by adding to that x an arbitrary Lneab &4
Verss. .., V,, the last g — k columns of V.
This gives a method for solving Jeast
with A having rank k:
AL

= (b'y;. This expressi

-squares problems:

824) To find x minimizing [|AX bil o
l. Find the singular value decomposition

2. Compute b’ = Ub.



348

The process (8.24) can be more compactly described by the simple dey;
defining a matrix that handles step 3.

e hermatian, and normal me

P SYERT™
SGemn 0 Sy

3 {”"‘ﬂﬁi;ﬂiiﬁ ¥ “:{nh Vo= ??;ﬁl g‘{'?f 3 < i - a‘{‘;» ¥y o 0 (.ﬁhﬁ‘f%risg‘

. Compute Xg = VY. | ’

X, solves the least-squares problem, and among all such solutiopg % ha
0 o, 5 has
the smallest 2-norm; any other X" is a solution if and only if x quals
pius a linear combination of the last g — k columns of ¥, "

L e

e of

Definition. Suppose that L is a p x ¢ matrix with (X), =0 for ”g J and
with <L)u =g, foralli,withe; #0forl i< kando, =0fork+1¢; <

min{p, ¢). Then X7 is that q X p matrix (note reversal of p and g) x,a,h%
only nonzero entries are By = lfoorl <i<k

In this notation. x, in (8.24) is just x, = VE" U"h; we have proved the folloy.

ing important result.

(8.26)

Key Theorem (least squares and singular values). Suppose that A = UL}

is the singular value decomposition ol the p x g matrix A of rank k, and{

A* = VE*UH is the so- caliid psg}ud@maefme of A, where L7 is as in E}e;f

mition 8.25. Then:

{a) x, = A7 b minimizes §§Ax ~ blj, Wtih respect to x. “

(b} Among all minimizers x’ of /A [lAx — b{}b X, = A*b has least 2-norm.

{c} x" minimizes |[Ax ~ b|l, ifand only if X" = x,, + v, where v is an arbitr
linear combination of ti*m final g — k cc)lumns of ¥V and Xg = A”’“i% .

Example. Consider the least-squares problem Ax ~ b:

(R {5
2 2 {M‘J% 15 1.
2 2 \')\' 3“ . o 3()*.

The singular value dmcomposmon of A was obtained in Example 8.17. Fol-
imwmgy ahc procedure in (8.24), we compute b = Ulth, y = X*b, and then

I 2 7 -
b’ S J— 2\'}[5 \9/5 4 \/(5 1 5 """" )
25 PNCREN G 30 Vﬂlé\
5 s Ty
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!
im0 o) V2.
y= |32 Y \f sl
0 o olltys] L o |

V2 N 0
N o 0 ( ~ . —
> 25 a5 Vs

i
L
o ¢
WiM @
L D

e Ll
R

We then get x,, directly as xo = A'h:

A L 15 —
o[ E ) |-l
18 9 ~30 -

utions x’ are of the form X' = Xg + ¥,

W e

as before. All other sol

5 N

I =

L | el >
X = Xp 4 AYy = _ + o P
5 J2

6 2

When solving a least-squares problem in practice, it is often useful to modify
the matrix ¥ of singular values. Suppose, as is sO often the case, that the entries
in A are subject to measurement €rrors; then the smallest nonzero singular values
computed for A may well have been zero if the measurements had been perfect.
Using the reciprocal of such a singular value to solve a least-squares problem may

well prove disastrous. It is often better to replace by a matrix £, obtained by
replacing the smallest singular values which is the effect of the

in ¥ by exact zeros,
construction in Theorem 8.21; those singular values that are of the magnitude of
the errors inherent in the datd should usually be treated this way. See Problem 6.

You should now be able

g

s

to solve Problems 1 10 6.







