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We obtainnew nonstationarysoliton-likesolutionsfor anextendedversionof theclassicalmassiveThirring model which, in
nonlinearoptics,describesBragg-resonantwavepropagationin a periodicKerrmedium.Thesesolitonsrepresentintenseoptical
wavetrainswhoseenvelopetravelsunchangedthrougha distributedfeedbackreflection filter, in spiteof thefactthat themean
wavelengthof thesolitonis inthecenteroftheforbiddengap.Thesolitongroupvelocitymaybeanywherebetweenzeroandthe
speedoflight in themedium.

In this Letterwediscussthe spatiotemporalinter- andsolitarywaves [4—71,andmost recently [81, a
actionbetweentwo counterpropagatingmodesof the newclassofoptical solitonswasobtained.As wewill
electromagneticfield insidea one-dimensionalpe- show,theycorrespondtoa particularform ofthetwo-
riodic nonlinearmedium.Wave propagationin lin- parametersoliton-like family presentedhere. This
ear periodicstructureshasbeenstudiedfor a long moregeneralclassof solutionsgives us, as we will
time andis relevantin a variety of fields of appli- see,answersto someissuespointedout in ref. [81
cation, for examplesolid-state physics and inte- suchasrelationto previouswork andstability prop-
gratedoptics [1]. Wheneverthenonlinearityof the ertiesof the solutions.
materialgives rise to additional light-inducedgrat- In this work we point out that the nonstationary
ings,newphysicaleffectshavebeenpredictedto oc- interactionis representedhere by equationswhich
cur. For example,in the steadystate,the intensity areageneralization(by inclusionof self-phasemod-
dependentrefractive index may alter the phase ulation, or SPM) of the classicalmassiveThirring
matchingconditionandleadto opticalbistability or model (MTM) of field theory [91.This modelhas
“high” transmissivityfor beamswhosefrequencylies beenshowntobe completelyintegrableby meansof
in theotherwiseforbiddengapof the grating [2,31. the inversescatteringtransform [10,111.This gen-
In the nonstationarycase,earlierstudieshavemdi- eralization is different from the extensionconsid-
catedthatpropagationin nonlineardistributedfeed- eredin ref. [121 whereonly for a particularchoice
backstructuresmayexhibit a hostof dynamicalbe- of parameterswherethe equationwasgaugeinvar-
haviorssuchasinstabilities,chaos,pulsecompression iant to the integrablemodel, soliton-like solutions

wereobtainedusingBäcklundtransformations.Our

Permanentaddress:Departmentof MathematicsandStatis- studyalso differs from that of the polarizationdo-
tics, University of New Mexico, Albuquerque,NM 87131, mainsin a uniform nonlinearmedium[13], where
USA. notonly thereis nolinearcoupling,buttheself-phase
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modulationeffect wasignored.The approximations In the aboveHamiltonian,upperandlower signs
made, reducedthe modelto an integrablesystemof hold for a focusingor defocusingnonlinearity, re-
an anisotropicchiral field on group0(3). spectively. Notethat, by interchangingz and t, eqs.

Herewe shallderivea family of nonstationaryso- (2) representthe coupling betweentwo copropa-
liton-like solutionsof the full problem (i.e., with gatingwaveswith differentgroupvelocity (e.g.,two
SPM) which maintainsomeof the generalphysical orthogonalpolarizationmodes) [141.
propertiesof the MTM solitons.In particular,these In the limit a=0, eqs. (2) reduceto the Thirring
wavesexhibit stability undercollisionsand satisfy model;we now presenta generalizationof the one-
the integrabilityconditionsfor a Lax scheme(in the soliton solutionfor thegeneralcasewith a~0, Using
form givenby KaupandNewell [11]) which, how- threedifferentapproaches.In doing this, we intend
ever,doesnotimply integrabilityofthefull problem. to highlight the similaritieswith the MTM solitons

We write the total electric field in a waveguideas andto makea connectionwith previouswork.
the sumof two counterpropagatingmodes, Let

E(R, Z, T) eI(2)=a~/l(2)(z,t) exp[iO(~)] , (3)

FE 1 Z T’ iflZ + E ‘Z T’ — iflZl E ‘R — iwT

= [ , 1e 2~ ,e I Trk 1e whereWI(2) is the one-solitonsblution of the Thir-
where a is the meanfrequency,andETr(R) is the ring model [10,11], aisaconstanttobe determined
commontransverse(R= (X, Y)) modefield distri- as well as the phaseO(~)where ~= (z—vt—z0)/
bution. Two mechanismsconcurin the coupling of (1 — v

2)’12 I v <1. Substitutionof (3) in eqs. (2)
the abovefields. First,supposethata matchedindex givestwo equationsfor 0,
gratinghasbeenwritten intothemedium:Thelinear dO / 1 +
refractiveindexn=n

0+n1(Z)isaperiodicfunction — = (ca2_—~~ +(a
2—l)

of Z, with a Fouriercomponentof spatial periodA d~ ~ 1 — v
satisfyingthe BraggconditionA = ~t//3. Additionally, x sin2Q I sech(~sin Q— ~iQ) 12, (4a)
interactionoccursbetweenthe field andthemedium
which reactsbackto the field through a third-order ~ = _(aa2 -~—---~+ (a2— 1))
polarizability PNL=XCOEEE”. The resultingcoupled dc~ 1 +V

equationsread xsin2Qlsech2(~sinQ—~iQ)12. (4b)

8TEI+VÔZEI=1KE
2+i(RIIEII+R21E21)EI, .

Theconditionthat theright handsideof (4a), (4b)
o TE2 — VO~E2 = i,cE1+ i(R1 I E~2+R2 I E1 2 )E2, shouldbethe samefor them to be consistentdeter-

(1) minesthe value

where V= (Ofl/Ow)’ L~=c/nis the group velocity \1/2

of light in the material(with effectiverefractivein- a= ~ (1 — v
2)+ a(1 +v2))

dexn) in theabsenceof modecoupling,K is a linear
coupling coefficientandR

12 are nonlinearity coef- Finally, upon substitutionof a in (4a) or (4b) and
ficientsinvolvingx andoverlapintegralsof themodal an integration,we are ableto determine0 andthus
distribution E [2]. In dimensionlessunits,eqs.(1) e1 ande2 they read
read 1/4

fl+v\ . I’ . t—vz
O1e1=i-~~,O1e~’=—i~,j=l,2, (2) 1~•~_~) ~

where +iØ+i0(~) sech(c~sinQR+ ~iQ) , (5)

H= $dz~

+e2eT+e~e1±Ie1I
2Ie

2I
2±~a(Ie

1I
4+Ie

2I
4)].
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— 1 —v\ ( . line). As canbe seen,in the stationarycasethe two
e2 +a( 1/4= — sin Q exp ~ i cos Q envelopecomponentsof the soliton are equally in-

1 +V1 tense.On the otherhand,wheneverthe groupye-

+iØ+i0(~))sech(~sinQ±~iQ), (6) locity v approachesthe velocity of light in the me-dium, the componentwith oppositesignsof phase

and group velocity becomesnegligibly small. Cor-
with respondingly,the width of the hyperbolicsecanten-

4o-va
2 velopenarrowsdownto zero.In thefigure,wereport

0= ~ 2 arctg[ Icotg ~QIcoth(~sinQ)] ‘ the dimensionlessquantity
1—v

0<Q<it,and—l<v<l. Kfl

w=— =(l—v2)~2
In expressions(5), (6), upperandlowersignshold Wc

in the caseof focusingor defocusingnonlinearity,
respectively.As in the one soliton solution of the which, in thecaseQ= ~it, yieldsin realunitsa spatial
Thirring model, the two componentsof the present width ofthe hyperbolicsecantequalto 1 / W. In gen-
grating self-transparency(OST) solitons are char- eral, this width is (WsinQ) —~.

acterizedby two parametersQ and v which deter- Numericalsimulationsindicatedthateqs. (5), (6)
mine the pulsewidth and velocity of propagation. yield physically stableand robust solutions.More
When~ = it onecan show that (5), (6) reduceto specifically, even in caseswhere the initial condi-
the “slow Braggsolitons”obtainedin ref. [8]. A sec- tionsdid notcloselymatchtheshapeof e

1 ande2,the
ond interestinglimit is whenQ—’ 0 and I vI <<1; then computedenvelopesdid indeed evolve into one
(5), (6) reduceto theNLS one-solitonsolution.That memberof the family after losingsome powerinto
is, for slow small amplitudebroadpulses,the de- radiation (seefig. 2: in theseandin the following
scriptiongiven in ref. [6] correctlyapplies.Finally,
the limit ~— it gives finite planewave solutionsof ____

(2). Notice that noneof the last two limits canbe
obtainedfrom the solutionsgiven in ref. [8]. A
deeperdiscussionof all typesof solutionsof (2) and
their propertieswill be givenelsewhere[15].

Fig. 1 illustratesthe groupvelocity dependenceof

_ ~Jithe intensity ratio betweenthe backwardand for-wardcomponentse2 and e1 (solid line) alongwith athe commonnormalizedspatialwidth (dot-dashed

~I\I Tt1...LiIji I I I I I I I8- N.6L - —_ 4IEbU).2 -011111 111111110 .2 .4 .6 .8 1
VELOCITY v

Fig. 2. Evolutionsof (a) 1e11
2 and (b) of 1e

21
2, for an initial

Fig. 1. Intensity ratioofbackwardtoforward components(solid condition that doesnot exactlymatch the expressionsfor the
line) andnormalizedspatialwidth (dot-dashedline) of funda- family ofself-transparencysolitons.Aftersomeradiationlosses,
mentalsolitonspulses,versusabsolutevalueof groupvelocity v. thefield still evolvesintoa memberof thefamily.
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with a substantialtime shift but little changein ve-
locity. Note however,the small intensityoscillation
superimposedonto the outgoing pulses.All these
propertiesindicatethat indeedthesolutions (5), (6)
essentiallysharethe stability propertiesof true so-
litons. The discussionwhich follows intendsto ex-
plore this point in further depth.

We shall seebelow thatonemay obtainthe non-

0° stationaryor propagatingsoliton solutionsof theThirring model by simply invoking the Lorentzin-
varianceofeqs. (2). Thisobservationalsoappliesto

-~0
thegeneralcaseof interesthere.To bemorespecific,

Fig. 3. Fastcollision of two GST solitons.Wedisplayheresums one finds that if ~ (2) is of the form
oftheenvelopeintensities e

1 2 + I e2 2 for two counterpropagat-
ing solitonswith velocitiesv equalto ±0.9. No apparentdistor- Wi (2) (z,t) = K1 (2) Wi(2) ~ Q)
tion in the shapesor velocities is observed,while only a small

t— vzpositionshift occurs. x exp( ~ i cos Q

where
simulations,ir=0.5). We have also observedthat
whentwo GST pulsescollide, their shapesandye- K, = —~-. =(!±~1/4,

locities upon emergingfrom the interactionare al- K2 ~ 1 —

mostunaffected.Fig. 3 showsthecollision of two fast
(v= ±0.9) equally intense self-transparencysoli- then the equationsfor ~ (2) become
tons,whoseinitial shapeswerecomputedfrom eqs. ~ W~±cosQ ~ + I W2 I 2~

(5), (6) with cosQ=0.The interactiontime is rel-
l+v

atively short,so that the pulsespassthrough each ±a— I ii.ii I2~~=0, (7)
otherwith little distortion.On theotherhand,fig. 4 1 — V

reports the collision between relatively slow 1W2~+ ~ô’~±cosQ W~+ I I
(v= ±0.1) solitons:in thiscase,eventhoughduring
the time of collision the pulsesgetdramaticallyre- 1 — V±a—I~’2I

2~’
2=0. (8)

l+v

, Note that the additionof the self phasemodula-
tion term makestheseequationsto be vdependent,
neverthelessas wewill see, SPMonly brings a cor-
rectioninto thephaseanda newrescalingof thefield.
Theseequations,asin the cr= 0 case,havean invar-

iant, I~’~I2_!~f2I2=0, therefore ~1,2=f(~)
x exp[i012(~)]andthe problemreducesto solving
for the functionsf0~and02.

A further simplificationcanbe achievedif we de-
fine 2~=01—02.We obtain foru andfthefollowing
equations,

1o dJ1
±cosQ+cos 2~±(l/a

2)f2,
Fig. 4. As in fig. 3, with velocitiesv= ±0.1.A longerinteraction
takesplaceanda slightoscillationis superimposedon theemerg-
ing pulses. ~~‘Sifl 2

1uf, (9)
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whereonemustreadtwo systemsof equations,each modelaretheconsistencyconditionv~=v~of (10),
correspondingto onechoiceof signs.After solving (11) andin particularif in the scatteringproblem
for ~i andJ, O~and02 are solvedby quadrature.For (10)onesubstitutesasthepotentialthecorrespond-
thepositivenonlinearitycase,theequationswerefirst ing one-soliton solution, a single eigenvalue
solvedby Chang,Ellis andLee [16] in their study ~= I I exp[i arg(~)] (wherearg(~)= ~Q and I I is
offermionconfinementin a chiral-symmetrictheory given by v= (I ~I 2 I ~I2)/ (I ~I_2+ I ~I2)), exists
in 1 + 1 dimensions.Their confinedandtime inde- [10]. In general,the equationsthat result from the
pendentsolutionsto the classicalmassiveThirring consistencyconditionread
model wereobtainedbefore the integrabilityof the 0 ~e2= —ie~— i[ (2/a

2—1) Ie
1 12_OT]e2, (12a)

modelwasdetermined.In ref. [3], solutionsof eqs.
(9) weregiven for bothchoicesof signsof thenon- 0~e1=ie1 +i( e2 I

2+0~)e
1. (12b)

linearity. In our case,we obtain from eqs.(9) the Considernow the additionalconditionson 0,
two solutionsgiven in (5), (6). It is importantto

0~=aIe112,pointoutthat,when~is replacedby z,eqs.(9) were
alsoderivedby Mills andTrullinger in theirdescrip- 0~=—2(1 — 1/a

2)1e
1 I

2—oie
2 12 . (13)

tion of stationarylocalizedwaves (occurringin the While a solutionof eqs.(12), (13) would also sat-
forbiddenfrequencyzones thusbaptisedgap soli- isfy the original equations(2), it is not necessarily
tons) insidenonlinearsuperlattices[3]. true that for every solution of (2) thereis a 0 sat-

We concludeby showinghow the coupledequa- isfying (13).Nevertheless,for the GSTsolitons(5),
tions (1) are in somesensethe integrabilitycondi-

(6) thereis a 0 satisfying(13) thuseqs. (12), (13)
tionsimilarto thatobtainedin refs. [10,11]. Weshall

and(2) areequivalent.In this sensewemaysaythat
follow the approachof the secondreference,al- the classof solutions (5), (6) arisefrom a Lax pair
thoughbothareequivalent.For the sakeof concise- formalismwherethe sameeigenvalueof theintegra-
ness,we shall restrict our treatmentto the positive

ble (a=0) caseoccurs.
nonlinearitycase.Let x= (t+z)/2 and~i= (z—t)/2 The interestingbehaviorof the presentGST so-
andconsiderthe system litons suggestsdirectionsfor the continuationof the

0~v~+i~
2v

1=~qv2, (lOa) presentstudy. In the contextof nonlinearfiber op-
tics, somespecificapplicationsanda moredetailed

ox~2— ~~
2V

2 ~q*v1 . (lOb) analysisof the behaviorof GSTsolitonsin termsof

o ~v1— — —~ I e1 2) ~ realparameterswill appearin forthcoming papers
[14,15]. The physical relevanceof the presentso-
lutions to the classicalfield model (2) is, however,

—i~i—iO= — e1 e v2, (11a) likely to extendbeyondthecontextof nonlinearop-a tics. Fromthe theoreticalpoint of view, a searchfor

— —~ e~12) a possibleBäcklundtransformationanda Painlevé
analysiswould be in order for testingthe integra-
bility of the equations.We also plan to addressthe

1 * possibleextensionof higher order MTM solitons1p+iOV , (llb)= ~—e~e [l7J to the presentcase.
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