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Abstract: The increasing complexity of advanced devices and systems increases the scale of mathe-
matical models used in computer simulations. Multiparametric analysis and study on long-term time
intervals of large-scale systems are computationally expensive. Therefore, efficient numerical meth-
ods are required to reduce time costs. Recently, semi-explicit and semi-implicit Adams—Bashforth—
Moulton methods have been proposed, showing great computational efficiency in low-dimensional
systems simulation. In this study, we examine the numerical stability of these methods by plotting
stability regions. We explicitly show that semi-explicit methods possess higher numerical stability
than the conventional predictor—corrector algorithms. The second contribution of the reported re-
search is a novel algorithm to generate an optimized finite-difference scheme of semi-explicit and
semi-implicit Adams—Bashforth-Moulton methods without redundant computation of predicted
values that are not used for correction. The experimental part of the study includes the numerical
simulation of the three-body problem and a network of coupled oscillators with a fixed and variable
integration step and finely confirms the theoretical findings.

Keywords: semi-explicit integration; predictor-corrector method; semi-explicit Adams—Bashforth—
Moulton method; three-body problem; ODE solver

1. Introduction

Modern industrial enterprises need to reduce the time and cost of designing and
developing new products to maintain a competitive edge. However, while the devices
under design become more and more complex, the list of requirements for their charac-
teristics is continuously expanding. One prospective way to solve this contradiction is
to use computer simulation, including the initial design stages. It is known that design
decisions at the beginning of the project route determine up to 80% of the financial costs
of product development [1]. It is essential to increase the computational efficiency of
simulation tools to develop multi-component objects described by large-scale and super
large-scale mathematical models [2]. Speaking of simpler models, multiple calculations
with different parameter values, corresponding to various geometric and physical proper-
ties of the device and its operation scenarios, are performed for such systems [3]. Moreover,
long-term simulations are often required to detect nonlinear effects and investigate the
properties of models that appear over time [4]. Therefore, it is necessary to implement
parallel calculations and apply new numerical algorithms that reduce the computational
costs of simulations while maintaining accuracy [5-7].

Systems of ordinary differential equations (ODE) are among the most common math-
ematical models of technical devices or natural phenomena. The common approach to
solving ODE systems in simulation environments such as Matlab, LabVIEW, and Wolfram
Mathematica is numerical integration [8-10]. Regardless of the ODE system properties,
e.g., stiffness, scale, delay, etc., one can often apply the same integration method. However,
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this approach can entail high computational costs in long-term simulations or multipara-
metric research of large-scale models [11]. One of the most common solutions here is linear
multistep methods. Multistep algorithms can demonstrate a high speed of computations
due to a single call to the right-hand side function at the integration step. Implicit multistep
methods, such as the Adams—Moulton method or backward differentiation formula, have
significantly larger stability regions than explicit Adams—Bashforth methods. However,
the price for this achievement is the computationally expensive embedded Newton’s
method [12]. Thus, implicit multistep methods are more time-consuming when solving
high-dimensional systems, while explicit multistep integration has low suitability for simu-
lating stiff systems [13]. One of the compromise solutions is a predictor-corrector method.
This integration technique performs the initial approximation by the Adams—Bashforth
method and uses the Adams-Moulton integration to correct the obtained values. Since the
stability of such methods is higher than that of the Adams—Bashforth methods, while all
calculations are performed explicitly, this technique is prospective for large-scale system
simulation [14-17]. However, it is necessary for ubiquitous integration of such methods
into software packages to increase their stability to expand the application to mildly stiff
differential equations.

Recently, semi-explicit and semi-implicit modifications of the Adams—Bashforth—
Moulton (ABM) methods for non-Hamiltonian systems have been proposed [18]. It was
experientially shown that such integration is computationally efficient for non-stiff low-
dimensional systems simulation. However, no estimation of numerical stability of semi-
explicit ABM methods was given due to the complexity of the evaluation procedure for
methods, which does not exist for systems of order 2 and lower. In this paper, we per-
form the theoretical assessment of the stability of semi-explicit Adams-Bashforth-Moulton
methods. In addition, we propose an algorithm for analyzing the feedback matrix of
the simulated system, which makes it possible to reduce the computational costs of the
prediction stage.

The rest of the paper is organized as follows. Section 2 describes the studied semi-
explicit Adams-Bashforth—-Moulton methods and analyzes the stability regions. Further-
more, an algorithm for synthesizing a minimal predictor—corrector finite-difference scheme
is given, and an illustrative example is examined. Section 3 presents the results of the
simulation of the three-body problem and a coupled oscillator network. We explicitly
demonstrate a higher computational efficiency of solvers based on semi-explicit methods
compared to known multistep schemes. Finally, some conclusions and discussions are
given in Section 4.

2. Materials and Methods

Let us consider semi-explicit and semi-implicit modifications of the predictor-corrector
Adams-Bashforth-Moulton (ABM) formula. In the original ABM integration, all calcula-
tions are explicit. Furthermore, the stability of such an integration technique is higher than
that of the explicit Adams—Bashforth method [19].

2.1. Semi-Explicit and Semi-Implicit Adams—Bashforth Integration Formula

Semi-explicit and semi-implicit multistep ABM methods can be applied to systems of
ODEs of dimension two and higher [18]. Let us consider the following sample system:

{ x = f(x,y,t)
y=gxyy)’

where f() and g() are the right-hand side functions.
The prediction stage in the semi-explicit ABM method is calculated by the Adams—
Bashforth method as in the original ABM technique. However, to correct the approximate
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values, we will use not only the values from the prediction stage, but also the state variables
calculated at the same step by the Adams-Moulton method [18]:

k-1
Xp41 = Xy + hbof (x5+1/ yZJrl/ tn-i—l) +h -EO bi+lf(xn7i/]/n7i/ tnfi)
- 1
k1 /
Yn+1 = Yn + hbog (xnﬂ,yﬁﬂ, tn+1) +h 'Zo bi 18 (Xn—isYn—istn—i)
i=

where b; are coefficients of the implicit Adams—Moulton method, k is the number of stages,
h is the integration step, and ¢ is the time moment. The superscript p marks the values that
were approximated at the prediction stage.

The obtained integration technique is called the semi-explicit Adams—Bashforth—
Moulton (SEABM) method. The formula for the semi-implicit Adams-Bashforth-Moulton
(SIABM) method can be obtained as a modification of Equation (1), where for each state
variable there is one implicit calculation that corresponds to the equation being solved:

k-1
Xp41 = Xn + hbof (xn+1r }/Z+1,tn+1) + h'zo bi+1f(xn7i/yn7i/ tnfi)
- - 2
k-1
Ynt1 = Yn +hbog(Xn11,Yni1,tn1) + 1 'Zo bit18(Xn—isYn—istn—i)
=

In dynamical systems with a nonzero main diagonal of the feedback matrix, values of
Xn+1 and Y, 41 in (2) can be calculated by iterative methods, including Newton’s method or
the simple iteration approach. For Hamiltonian problems, the finite-difference schemes of
methods (1) and (2) coincide.

The computational costs of the proposed modified Adams-Bashforth-Moulton schemes
and the original ABM method are equal. The key hypothesis of our study is that semi-
explicit computations will increase the numerical stability of the finite-difference model,
leading to a decrease in integration costs during variable-step simulations. Moreover, the
corrector part does not require the approximation of all state variables by the Adams-
Bashforth method. Therefore, the finite-difference scheme of the prediction stage semi-
explicit and semi-implicit modification can contain less algebraic calculations than the
original predictor—corrector method. These aspects are further discussed below.

2.2. Stability Analysis

Since the investigated semi-explicit and semi-implicit multistep methods do not exist
for first-order ODE systems, Dahlquist’s test equation is not suitable for studying their
stability. Several new approaches to study numerical stability have recently been pro-
posed [11,20-22]. Following the ideas described in [11,22], we chose the two-dimensional
problem to plot stability regions.

Let B be the vector of coefficients of the Adams—Bashforth method, M is the vector of
coefficients of the Adams—Moulton method, and p denotes the lengths of B, and M. Let us
compose a matrix A of dimension 2 x 2 for the test problem

x = Ax, 3)

with the eigenvalues equal to A1, = ¢ & jw. Then we compose the matrix polynomial p(z),
where z is the delay operator, as follows:

p(z) = (I + BihA)zP~1 + ByhAzP~2 4 ..,

where [ is the identity matrix, and / is the integration step. The calculation of the matrix
coefficients increment at x; at the second step of the semi-explicit method is carried out as

Pi1(z) = (I + MahAqy)zP~ ' + M3hApzP~2 + ...
Pip(z) = My (Anpiz + Apa) + (I + MahAqp)zP 1 + MahAyzP 2 + ...
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Similarly, the coefficients of the increment polynomial at x, are found from

Py (z) = Mi(Anip11 + Arapn) + (I + MahA1q)zP = + MahApyzP =2 + ...
Pzz(Z) = (I + MzhAll)Zp_l + MghAHZp_z +...

The scalar characteristic polynomial of the matrix P(z) is found from
h(z) = (I — M1A11)zP + Pi1(2)) (I — M1Ax)zP + Pr(z)) — P (2) Pria(2).

The root of h(z) with the largest modulus gives the value of the stability function
R(hA). The stability polynomial for the STABM method is constructed similarly.

Let k = A11/ Ay be the ratio of the matrix elements of the test problem (3) on the main
diagonal. Let us call k the symmetry coefficient. For a matrix in Jordan normal form, k = 1.
For a matrix in Frobenius normal form, the coefficient k can be equal to 0 or co. These are
two extreme cases, which give limits for stability functions. Therefore, we can consider
only these cases. The calculation of the coefficients of matrix A is carried out according to
the following formulas:

20
Ap = T An = —\/AZ — (1+k)ApA + kAL, Ay = Ay, Ay = kA,

1+k

The stability regions of SEABM and SIABM methods obtained for k =0 and k = 1 are
shown in Figures 1-4. Comparing them with the stability regions of the original ABM
methods (Figure 5), one can see that even in the worst case, k = 0, the boundaries of the
areas of the proposed methods are wider. Moreover, it can be noted that the size and shape
of the stability regions of the fourth and fifth-order methods are comparable with the areas
obtained for the ABM methods of the second and third-order while the test problem with
symmetric matrix A is investigated (Figures 2 and 4). Thus, we can theoretically assume
that when implementing variable-step solvers based on semi-explicit and semi-implicit
ABM methods, the computational costs over the entire time interval can be less than for
predictor—corrector methods of the same order of algebraic accuracy.
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Figure 1. Stability regions of the semi-explicit Adams-Bashforth-Moulton methods with k = 0.
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Figure 2. Stability regions of the semi-explicit Adams-Bashforth-Moulton methods with k = 1.
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Figure 3. Stability regions of the semi-implicit Adams-Bashforth-Moulton methods with k = 0.
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Mathematics 2021, 9, 2463

7 of 16

Thus, one can conclude that the introduction of semi-explicit integration in the correc-
tor expands the regions of absolute stability of the Adams-Bashforth-Moulton method.

Semi-explicit integration in SEABM/SIABM methods allows one to not approximate
state variables, the evaluation of which does not require the first iterations of the finite-
difference corrector scheme. Thus, when solving systems of ODEs with lower triangular
feedback matrices, the predictor contains only one line of calculations in the semi-explicit
algorithm and does not contain any operations when using the semi-implicit method. In
practical applications, such systems are rare. However, in large-scale systems simulation, any
reduction of computational costs can significantly accelerate multiparametric research and
long-term simulation. Let us consider an algorithm for generating a minimal finite-difference
scheme for the semi-explicit and semi-implicit Adams-Bashforth—-Moulton methods.

2.3. Algorithms for Generating the Minimal Finite-Difference Scheme

To determine which values of state variables do not require approximation by the
Adams-Bashforth method, one can define the sequence of calculating the state variables at
the correction stage. There are two main requirements to be met:

1. Differential equations for which the corresponding right-hand side functions have the
least number of occurrences of the different state variables should be calculated first;

2. If two or more state equations contain the same number of different variables in the
right-hand side functions, then it is worth choosing the one included in the other
differential equations.

The first requirement minimizes the number of state variables to calculate them in
the predictor stage. The second rule allows using already corrected values to calculate the
remaining state variables.

Let us describe the technique that implements the specified requirements using an
N x N feedback matrix, where ones denote feedbacks for each of N variables in the right-
hand side functions. The feedback matrix is the input of the algorithm. The output is an
array of indices of state variables specifying the sequence of calculations in the corrector.
The proposed algorithm consists of the following steps:

1. A column is added to the feedback matrix end that contains the sums of ones in each
row. This number defines the feedbacks number in each equation;

2. The feedback matrix is sorted by the last column in ascending order;

3.  The row with the minimum number in the sum column is considered:

D If this is the smallest number of all calculated amounts, i.e., the line with
the minimum feedbacks number is unique, the index of the corresponding
variable is added to the output array;

2) If there are several rows with a minimum feedbacks number, then new sums
over all rows are considered for each variable’s feedback matrix. Columns
corresponding to each of these variables are removed from the matrix. The
variable index is chosen to add into the output array, for which at least one of
the new calculated sums is the minimum among the sums calculated for all
variables. If there are several such variables, then any of them is chosen, for
example, the first in order;

4. The column and the row corresponding to the variable whose index was added to the
output array are removed from the feedback matrix;

5. If there are no variables left in the feedback matrix, the algorithm terminates. Other-
wise, execution resumes from step 1.

The algorithm for determining the corrector sequence is similar for both semi-explicit
and semi-implicit methods. To demonstrate the step-by-step application of the proposed
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algorithm, we use a hyperchaotic system [23] described by the following system of ordinary
differential equations:

x=h(y—x)+u

y=—fy—xz+w

z=—l+uxy

Uu=—-y—ou ! @)
v=ky+u

w = gx +my

where x, y, z, u, v, and w are state variables and 4, f, I, k, g, and m are the parameters. This
chaotic system demonstrates hidden attractors and multistability [23]. To experimentally
investigate such phenomena, multiparametric analysis and long-term simulations are often
applied. Therefore, minimizing the finite-difference scheme for such a system is of great
importance since it can significantly speed up the research process.

The feedback matrix of system (4) is written as

z u vV |w

—_ = =] =

’ ©)

RN o AWM

S = |n|<|x

Y
1
1)1 1
1
1
1
1

1

where the last column corresponds to the number of feedbacks for each state variable.
Following step 2 of the proposed algorithm, we sort the matrix (5) by the last column
in ascending order

x|ylzlulv|wiX
2|11 ' 2
u 1 1| 12
v 1 1 52. (6)
wl1]|1 | 2
x |11 1 ' 3
yl1]1]1 114

In matrix (6), four state variables have equal feedback numbers, corresponding to step
3(2) of the algorithm. Let us calculate the number of feedbacks in cases of excluding a
column of each such variable and write the result as a matrix, where the excluded variables
are located in the columns and the sums in the rows

z|lu | v |w
z |2 2|2
ul212|M]|2
v 2|l 2]2.
w22 |22
x|312]3]3
y|3|4|4]3

After u and v variables are excluded, the value of the feedbacks number decreases.
Therefore, any variable of them can be calculated first in the corrector. Let us choose the
variable 1 and exclude the corresponding column and row from the feedback matrix (5).
Then, at the next iteration, the matrix takes the following form:
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xysziZ
z[1]1 )
v 1 1
wll]l 12’ @)
x|1]1 E
yl1|1]1 114

After sorting (7), the variable v is chosen for calculation in the corrector since it
corresponds to the minimum value of the feedbacks number (step 3(1) in the algorithm):

xysz!E
v 1 i1
z |11 12
w11 12’
x|1]1 | 2
yl1|1]1 114

Thus, one can write the array determining the order of the calculations at the correction
stage after two iterations of the algorithm as [u; v]. Removing the corresponding column
and row from the feedback matrix, we obtain

®)

<R[ |N

— = =] =] =

el el el Bl

AN O|IM

The sum column already sorts the obtained matrix. Let us consider a table of feedback
sums after removing columns z, w, x:

Z|w| X
2121
w22 1.
x[202]®
y[3]3]3

When the column corresponding to the variable x is excluded, the number of feedbacks
in the matrix (8) decreases. The excluded variable is added to the array [u; v; x]. The new
feedback matrix does not require sorting:

w

y

y
1
1
1

1

z
1
T
3

To exclude from the matrix, the variables z and w are considered, as well as the

corresponding table of sums:

N = =] N

N~ S
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according to which arbitrary variable can be used to calculate in the corrector, for example,
z. Writing it to the array [u; v; x; z], we obtain a feedback matrix consisting of two variables:

ylwiZ
w1 !1. )
yl1]1712

From (9), it is possible to determine that the variable w will be calculated next to last
in the corrector, and the variable y will be the last one. Thus, the order of calculations when
using the semi-explicit or semi-implicit ABM methods for system (4) is given by the array
[u; v; x; z; w; yl.

Analyzing the matrix of feedbacks and the obtained calculation order of the state
variables, one can see that several variables in the corrector, starting from a specific moment,
can depend only on values which have already been corrected and not calculated by the
predictor. Thus, it is possible to significantly reduce computational costs at each integration
step if the corresponding variables are not calculated by the Adams-Bashforth method. To
solve this problem, consider an algorithm, the input data of which are the original feedback
matrix, and an array of indices that specify the order of calculating the state variables in
the corrector. The output data is an array containing indices of the minimum number of
variables, the values of which should be approximated in the predictor.

Let the variable i set the iteration number of the algorithm. At the first iteration,
i =0, the output array is empty. We also use an auxiliary array, the dimension of which is
the same as the variables number and which is initially filled with zeros. The proposed
algorithm for the SEABM method consists of the following steps:

1. From the array specifying the order of calculations in the corrector, a variable is chosen
at the i-th index;

2. For the chosen variable, using the feedback matrix, the indices of those variables for
which there are feedbacks in the right-hand side function are determined;

3.  Inthe auxiliary array, in a loop, we go through the values by the indices defined in

step 2;
1 If the value from the auxiliary array is 1, then we do nothing;
(2) If the value from the auxiliary array is 0, then we change it to 1, and in the

output array, we write the variable to which the considered index corresponds;

4. If the value of the auxiliary array at the index determined in step 1 is 0, then change it
to 1;
5. Check the auxiliary array for content 0;

(1) If the auxiliary array contains only ones, then the algorithm terminates;
(2 If the auxiliary array contains zeros, then increase i by 1 and return to step 1.

For semi-implicit integration in the considered algorithm, steps 3 and 4 are reversed,
i.e., information about the implicit evaluation of the variable is immediately added to the
auxiliary array. This allows elimination of redundant calculations in the predictor in cases
where the equation contains feedback on itself.

After completing the steps of the proposed algorithm for system (4), one can find that
when applying the SEABM method, approximation of variables [y, v, x] is required, while
with the semi-implicit approach, only y and v need to be predicted.

In order to demonstrate the efficiency and value of the proposed approach, we con-
sidered two SIABM-based ODE solvers with and without the suggested optimization
technique. We estimated the averaged time costs needed for obtaining the solution and
the maximal numerical error. System (4) was simulated with h =5,f =2.7,1=5,k =2,
g =—3,m=1, when simulation time equal 100 s with fixed and variable integration steps.
The obtained results are shown in Figure 6. One can see that the proposed optimization
technique reduces time costs at least by 25% compared to the original SIABM algorithm.
This improvement can significantly speed up the simulation of large-scale systems, as well
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Timme, 5

as studies of models with different parameter values, and increases the practical value of
the proposed SIABM methods.
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Figure 6. Performance plots for SIABM ODE solvers with and without the proposed optimization technique. (a) Fixed

integration step; (b) variable integration step.

Let us evaluate the performance of modified semi-explicit ODE solvers in comparison
to methods traditionally implemented in popular modeling environments.

3. Experimental Results
3.1. Three-Body Problem

Large-scale ODE systems arise in many fields of science and technology, including
simulation of orbital dynamics [24]. One of the known computationally expensive tasks in
this area is the simulation of N gravitationally connected bodies, especially when N > 3.
Unlike the two-body problem, there is no general closed-form solution for the three-body
case [25], and this dynamical system is chaotic for most initial conditions. Thus, numerical
integration is a common choice to investigate this system. We chose this particular case
of N-body problem to study the performance of ODE solvers based on semi-explicit
multistep methods.

The three-body problem is described by the following system of second-order ODEs:

B = —Gmy IR — Gy 11D

3
|ty —1o |’ |r—13)?
v Iy —TI Ip—T
r, = —Gmg iy — Gmy L3, (10)
1o —13] [r2—11
13 = —Gmy r3:r13 — Gmy r3:r23
[r3—1| [13—12]

where G is the gravitational constant, m; is the mass of the i-th body, and r; = (x;, y;, z;) are
coordinates [26]. Problem (10) can be rewritten as the system of 18 first-order ODEs.

In the experimental study, we evaluated the computational efficiency of the semi-
explicit multistep methods to determine the speed-up effect of the proposed optimization
technique. Moreover, we considered several ODE solvers, which are common in mod-
ern simulation environments such as Wolfram Mathematica, Matlab, LabVIEW, etc. [8].
Solvers under investigation were the fourth-order Adams—Bashforth method (AB), Adams—
Moulton method (AM), backward differentiation formula (BDF), and the Adams—Bashforth—
Moulton (ABM) technique. For problem (10) we estimated computational costs for semi-
explicit (SEABM) modification (recall that for Hamiltonian systems, the SIABM integration
reduces to the SEABM method). To keep the implementations equal, all ODE solvers
under comparison were programmed in the NI LabVIEW environment with fixed and
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variable stepsizes using the double-precision data type. The step size is controlled by the

following rule:
1
tol "\ pHl

where err is the value of local error, tol is an error threshold, and p is the order of accu-
racy [27]. The nested recurrent formulas for step control in multistep algorithms lead to
the computation of the numerical solution by methods of all orders up to order p, which
simplifies the application of the Formula (11).

For each of investigated solvers, we estimated averaged time costs for obtaining the
solution and the maximal numerical error with respect to the numerical solution obtained
by the 8th order Dormand-Prince method with extended precision data. In all experiments,
simulation time was 10 s. The obtained results are shown in Figure 7.

. / //

80|

Time, =
Time, =
1

01+ 0.1-

0.05-5 7 p s ™ 1 0.05-; 7 7 7 T p -
0.001  0.0001 0 10 0 0 0.05 0.01 0.001 0.0001 0 0 L
Error Error

(a) (b)

Figure 7. Performance plots for investigated multistep ODE solvers while simulating three-body problem with (a) fixed
integration step; (b) variable integration step.

One can see that in the case of fixed-step integration, the modified SEABM method
demonstrated the best computational efficiency among the considered algorithms (Figure 7a).
Moreover, the time costs for the ODE solver based on semi-explicit calculations were two
times less than those of the original ABM method. Such superiority was not observed
when simulating low-dimensional systems without applying the proposed optimization
techniques [18]. The superiority of the modified semi-explicit method over other explicit
and implicit algorithms, including BDF, remained when the integration step was varied
(Figure 7b).

3.2. Simulation of Coupled Oscillators Networks

To illustrate the impact of the proposed optimization technique on large-scale systems
simulation, we considered a second test problem—a network of N coupled oscillators.
Each oscillator can be described using the following equations [28]:

x=a(ly—x)+u+rv

y=—cy—xz

z=—-b+xy (12)
u=e—dy

z}:klx+kzv

where a, b, ¢, d, ¢, ky, kp, and r are free parameters. We investigated an ensemble of identical
systems (12) witha=3,b=—-5,c=1.75,d=1,e=0,k; =6,k =1, and r = —4.
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The oscillators were coupled in the ring topology through variable x by the following
coupling function [29]:
, o
Ee(i,t) = = (xj = x;) (13)

2P 4,

where ¢ is the coupling coefficient, and P is the number of the neighbor elements of
the ensemble on the right- and left-hand sides of the element with the number i. In the
experiments, P was set to 1.

First, we simulated a single oscillator to estimate the computational cost of semi-
explicit and semi-implicit ODE solvers. We explored the same set of methods as for the
previous three-body problem. The simulation time was equal to 50 s. The obtained results
are shown in Figure 8.

Time, s

1.2
1-

Time, s

0.15

Figure 8. Performance plots for investigated multistep ODE solvers while simulating system (12) with (a) fixed integration

step; and (b) variable integration steps.

One can note that the modified SIABM and SEABM solvers showed the best perfor-
mance of the considered set of methods.

Then, we measured the time costs of the simulation of the ensemble in the time interval
T =25 s, depending on the network dimension. The obtained results are given in Figure 9.
It can be noted that in the case when the number of differential equations was 10%, the
computational costs for simulation using semi-explicit methods were 25-30% less than
for the original ABM technique and were comparable to the costs of the explicit Adams
method, which demonstrated a lower accuracy numerical solution, as shown in Figure 8.

200
AB V)
180- v
ABM Y%
160-
SEABM
14| saem  [R7
120
S 100-
g
= 80-

1 1 1 1 1 1 1 1 1 1
5001000 2000 3000 4000 5000 6000 7000 8000 9000 10,500
Network dimension

Figure 9. Time costs on the simulation with a fixed integration step / = 0.01 depending on the

dimension of the network.
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Figure 10 shows that the dependence of the time costs on simulation of the ensemble
included 2 x 10° oscillators (the total number of equations was 10%) depending on the
simulation interval length. One can see that the semi-explicit modifications of the Adams-
Bashforth-Moulton method were 25-30% in computational costs over the other investigated
algorithms, both with short and long time intervals.

600+

550-|| AB
s00-| ABM

450 SEABM
apn-||  SIABM

0] T T T T T T T T T T i

] 10 20 30 A0 50 &0 70 80 ] w110
Simulation time, s

Figure 10. Simulation time costs dependence on the simulation time. Fixed integration step case,
h=0.01.

Thus, it can be concluded that the application of the SIABM and SEABM methods with
the proposed optimization technique can reduce the time costs on solving ODE systems by
more than 25% while maintaining the accuracy of the numerical solution in comparison
with the original ABM method.

4. Conclusions and Discussion

In this study, we explored the properties of recently proposed semi-explicit and
semi-implicit Adams-Bashforth-Moulton methods. It was theoretically predicted and
experimentally confirmed that this class of numerical integration methods possesses better
numerical stability than original predictor—corrector methods. In addition, we proposed a
new technique for synthesizing an optimal finite-difference scheme for semi-explicit multi-
step methods. It was shown that the proposed optimization method makes it possible to
reduce the number of computations at the prediction stage. Using the three-body problem
as an example, we demonstrated that such an approach can decrease computational costs
by half compared to the conventional Adams-Bashforth-Moulton method. Moreover, we
found that when simulating networks of coupled oscillators that included 2000 elements, it
is possible to reduce the time costs by 25% while maintaining the accuracy of the original
prediction—correction method.

This paper does not focus on the convergence of the proposed modification of the
Adams-Bashforth-Moulton methods, since this property is inherited from the original
predictor—corrector method. It is of further interest to study the performance of variable-
step solvers based on semi-explicit multistep methods, written in the Nordsieck represen-
tation [30]. In such methods, the step control algorithm is based on the reconstruction of
the values of the right-hand side functions at the required time points when the integra-
tion step is varied. This technique involves the use of vector computations that can be
efficiently executed on parallel computing-oriented computers. The study of performance
gains when large-scale systems are simulated using this approach is the direction of our
further research.
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